Module 9.5: Static Risk Measures
Geometric Brownian Motion-Based
Compound Option Valuation Models

Learning objectives
e Explore static risk measures related to GBM compound options
o [llustrates the complex task of finding analytic Greeks
e Highlights ease of using numerical Greeks

See Ch 9.5 SRM Compound Options.

Module overview
<< TBD >

Compound option valuation model
Recall the compound option pricing model (CO) observed at time t under geometric Brownian motion based

on an underlying instrument ( S ) with the compound option exercise price ( X ) expiring at time 2 ( 7;) and

the underlying option exercise price ( X, ) expiring at time 1 ( 7, > T;) can be expressed as

CO(S,t,Tl,Tz,lC,lU)zl 1.SB_ B Nz(lclud“,ludlz;lcp)

v 8O, -

, (9.5.1)
—lely XyB, g Br oy N, (lClUdZI,lUdzz;le) - chch,q,rN(lcludm )
where indicator functions denote
= +1 if compound call option and (9.5.2)
—1 if compound put option
+1 if underlying call option
L, = . y. s p' . (9.5.3)
—1 if underlying put option
Recall a default-free, zero coupon, $1 par bond be expressed as
B, =e", (9.5.4)
and the bivariate cumulative standard normal distribution
2
expd— 212 —2pzz,+z
)
N, (a.bip)= | | dz, dz, - (9.5.5)
b 2741- p
Using a generic time to maturity, 7, the periodic standard deviation are
o,,=0NT—t. (9.5.6)
The correlation coefficient used in the bivariate distribution is
T —t
p= , 9.5.7)
T,—t
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and thus

1_p2: 7—;_]—;‘
T,—t

Let S; be defined such that underlying option is at-the-money or

LS By 5 N (1l )1 X B N (14

UL T, U UTT -G U211,

where

. = dz,Tl,Tz +

xZ

e 2
2

M-I

dx.

o
nL’

(9.5.8)

(9.5.9)

(9.5.10)

(9.5.11)

(9.5.12)

Let d;; denote the upper bound of the bivariate normal cumulative distribution function where i = 1, 2 denotes
whether the volatility term is added (i = 1) or subtracted (i = 2) and j = 1, 2 denotes whether the evaluation is

S*atTi(j=1)or Xyat T» (j = 2). We define

n
d21 = P ’
th
I StBt,Tl,—(r—(s) + O-tzT]
S 2
dll = o :d21+61,T’
L1
ln[ S’B”)er*‘("‘s) J_ G;n
d,= v , and
O-z,rz
I Sth,TZ,—(r—é) + O-t2T2
X, 2
dlz = o = dzz + O-t,TZ'

(9.5.13)

(9.5.14)

(9.5.15)

(9.5.16)

We now turn to identify the analytic Greeks. The related proofs will be details later in this chapter should
you wish to understand one method to solve for them. An effort was made to be as transparent as possible,

although every step is not explained in detail.’

!See Brooks (2019) for more details.
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The Greeks
Recall the value of the compound option can be expressed as an indirect function of the underlying
instrument S as

€0,=C0,,..[0(s.1).c] (9.5.17)

where the underlying instrument is embedded in the underlying option O(S, z). The value of the compound

option can also be expressed as a direct function of the underlying instrument S as
€O, =C0,,..(S.)- (9.5.18)
The underlying option is clearly a direct function of the underlying instrument and is expressed as
0=0(S.1)- (9.5.19)
Note the value of the compound option remains the same regardless of how it is represented or
Co,[0(8.1).t]=CO,(5.1)- (9.5.20)
We approach the Greek derivations assuming the compound option is a direct function.

Delta
The compound option delta is

9CO,(8.1.7,.T;)

Ao, = o5 =1.4,B,; B, N, (11,d,,.1, dit.p); (9.5.21)
and the underlying option delta is
90(S.1.T,)
A, ETZlUBf«Tzﬁ*éN (lUdl) (9.5.22)
Gamma
The compound option gamma is
9’CO,(S.1.T,.T,)
co, ~ 05>
, (9.5.23)
_BriBrns d, Pdn m (d“) pdl2 m, (dlz)
- N 1 C Ly
St \/1 O-r,Tl \/1 O-t,T2
and the underlying option gamma is
2
r,= o O(S’ZI’TZ) _ Bt (dl). (9.5.24)
as SIO'I’T2
Theta
The compound option theta is
3
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© zgcoD(S,tTTz 1)

b ‘ pteterty

o’ d12 —pd“ n, (dll) dn _pd12 n, (d12)
:_TSlBl,T],@BTI,TZ,(s Nl lU \/1_p2 O't’ _lch lClU \/1—p2 O-tT (9525)

7 g

+1.1,48.B,, .B, . ;N (l t.d lUdlz;le)

7L, L6 T 2\TCTU T

_lClUrBt,Tz,rXUNZ(l t.d, ,1.d 'ch)—lCrBt’T]J,Xch(l d )

cUT21°U 222 c21

and the underlying option theta is

20(8.,¢1.T,
0= (at !
=1,(6-4)S,B, N(1,d,)-1,(r-4)XB_,N(1,d,)- (9.5.26)
o’SB

"0 ()

It is important to note that we can ignore t embedded within rho. Rho is assumed constant as an input
parameter once computed.

Vega
The compound option vega is

d,—pd
3 T,—tN|| 1, 121_p211 nl(dll)
QCO(S,t,Tl,TZ,lC,lUFS[BZ,Q’(;BTPTZ’_Q . (9.5.27)
d
+1,.T,—tN,| 1.1, = P 2'2 ”1(d12)
I-p
and the underlying option vega is
20
Vo= o= SBt,TZ,Sn(dl) IT, 1= XBt,rz,r”(dz) T,~t. (9.5.28)
Rho
The compound option rho is
0
ECO(S,t,TI,TZ,lC,lU )=t4,B,, B, . (T,=1)X,N, (lcludm,ludzz;lcp), 0:5.29)
+1.B,,, (T, - 1) X N (1.4,d,,)
and the underlying option rho is
20
P, EEQUX(T2 ~-1)B,, ,N(1,d,)- (9.5.30)

Prior to working through the details of the Greek proofs, we will rely on several lemmas.
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Important lemmas
We rely on the following lemmas for deriving the Greeks. Proofs for these lemmas follow the derivations of
the Greeks.

Lemma 1: Leibniz integral rule for double integral applied to bivariate normal

Assuming N, [a( x),b( x); p] is a standard bivariate normal cumulative distribution function, then

sz[a(x),b(x);pJ _ sz[a(x),b(X);p] db(x) N sz[a(x),b(x);p] da(x). 9.5.31)
dx db(x) dx da(x dx

Lemma 2: Compound option partial with respect to dz;

d
0,)7c0D(S,t,TI,T2): 0, (9.5.32)

21

and

a]\']2(lClUdll’lUdIZ;lCl)):a]\IZ(lClUdll’lUdlZ;lCl))

. (9.5.33)
ad,, dd,,
Lemma 3: Compound option partial with respect to d:;
J
aTCOD(S,t,TI,TZ)zo, (9.5.34)
22
and
a]\[2(lClUdll’lUdIZ;lCl)) _ a]\]2(lClUdll’lUCZIZ;lCI))
= . (9.5.35)
ad, add,,
We now turn to sketch the proofs of the Greeks.
Compound option delta proof
9CO,(8.1.1,.T;)
co, = . oS = LClUBt,Z"l,ziBZ'],T2,6N2 (LClUdll’lUdIZ;le)' (9'5'36)
Proof: Note based on Equation (9.5.1), we have
& .
B co, (S,Z,Tl Tlesty ) = lcluBr,Tl,z;Br,,rz,aNz (lcludl 1 ’ludlz’lcp)
J
HAS,B, By s 5Ny (tc1,d,,.1,d,31.p) : (9.5.37)
d ] d
_lClUXUBt,Tz,r 0-)_SN2 (lclUdzledzz’lcp) - chch,T,,r a_SNl (lcd3)
Based on Lemma 1 (Leibniz integral rule), we have
dN, [lClUd” (S)’ludn(S);P]
a8
,  (9.5.38)
~ (9N2[lclud“(S),lUdlz(S);le] ad (S) . JN, [zcludn(S),zudn(S);lcp] ad,,(S)
ad,(S) s ad,,(s) IS
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and

IN,[1.4,d,,(8).1,d,,(S);p]

cU™21 >UT22

s . (9.5.39)
N[, (8).4, 4 (1cp] 2, () N [10t, ()1, (S)itcp ] (5)
ad, (S) s ad,(S) N
Also, from the standard normal cumulative distribution function, we note
N, (1.d,) IN (1.d,)d, (9.5.40)
S ad,, 7
Substituting
d
%COD (S’t’Tl ’Tz) = lClUBt,T],(}BT],Tz,ﬁNZ (lClUdl I =lud12;lcp)
IN,[ 11,4, (8).1,d,,(S)iiep ] 9, (S)
o5 5 ad, () N
oy SB 1B s
USRS, +8N2[zClUd“(S),lUdlz(S);le] od,(s)
ad,,(s) N
(9.5.41)
IN, 101, (8).,d,, (S)s1ep ] 9a, (5)
ad, () N
_lclUXUBt,n,r
; +0”N2 [lcludzl (S),lUdZZ(S);sz] ad,,(S)
dd,, () I8
T dd, 2
Recall
4, =d,+,, and (9.5.42)
dy,=dy+ Gz,rz' 9.5.43)
Thus
9d, _9dy 4 (9.5.44)
Js dSs
dd,, _ dd,, ] (9.5.45)
Jads IS
Substituting these derivatives
6
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iCOD(S,t,T T)=l 1. B _.B N (lclud”,ludlz;lcp)

S 1°72 CUTHLL.qG T.L,,06" "2
N, [14,d,,(8).1,d,,(S)t.p] ad, (5)
ad, () N
N, [ 14,4, (8).1,d,,(S)1.p] ad,,(5)
ad,,(s) N
IN,[1.4,d,,(8).1,d,,(S)a.p] d, (5)
ad,,(S) N
IN,[14,d,,(8),1,d,, ()] 9d (5)
ad,,(S) N

+11.SB . .B

(ol VA s ol o )

+

(9.5.46)

-11.X B

ctvtutirnr

+

L xB 8N](1Cd21) dd,,
cehr o 9d, 98

Rearranging

iCOD(S,z,TI,TZ)q 1B, B, 5N, (14,d,,,d,550.P)

IS cv gt r.net 2 \ctuti tu e

L SE B o'?Nz[zclUd“(S),szlz(S);sz:l
+&d21(S) CUTERAT RS ad, (S)

IS X B aNzI:lclUdzl(S)’ludzz(S);lcp:l XB aNl(lcdz])
—lely Ay 1T, &dm(S) Lo L od

21
L SB B 8N2[lClUd“(S),lUdIZ(S);lcp]
ad (S) CcCU™t t,Tl,qA TI’T2’§ &dlz(S)

JS o o'?N2[lCszZI(S),lUdZZ(S);lcp}
=l Ty
CU UL, &dzz(S)

(9.5.47)

Note based on Lemma 2,

&Nz[z 1,d,, (8),1,d (S);lcp]_ &Nz[z 1,d,,(S),1,d (S);ch]

CUTll U 12 CcCU™ll U712

ad (S) - ad,,(s)

IN,[11,d,,(8).1,d,,(S)u.p]
tctuS BB ad, ()
21

JON, |11 .d (S),l d (S);l JN, (1.d
—lClUXUB[Tr 2|:CU 21 U722 Cp]—lCXCBtTr I(C 21)‘ (9549)
9d, (5) T od,
0
=——20COo|(S,t,T,T,)=0
dd,, ( : 2)

and (9.5.48)

And based on Lemma 3,
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(9N2(z 1,d,, (8),1,d (S);ch)

cCU11 U2
lClUStBt,Tl,qABT],Tz,s 8d (S)
( (s) 12 (s) ) (9.5.50)
IN (t.1.d \S)t.d (S)t.p 0
~1.1, X, B ner R - = CO(S.,T,T,)=0
CUTUT L 862’22(5) &dzz ( 1 2)
Therefore,
d
%COD(S’I’TI’T;>:lClUBt,TI,éBTl,TZ,ENZ(lClUdll’lUdu;le)' (9.5.51)
Compound option gamma proof
N [l dlz _pdll ]nl(dll)
1 U P
_ 9’CO,(S.t.T,.T,) _BriBirs J1-p* | 0., ©9.552)
co, as2 St d B d " (d )
N L1 11 p 12 1 12
+lC 1 c'U 2
\/1_ P O-t,Tz
Proof: Note based on Equation (9.5.51), we have
9’CO,(S.1.1,.T,) J
co, = Dasz — :lclUBt,Tl,@BT,,Tz,aﬁNz (lcludmlydlz;lcp)‘ (9.5.53)
Based on Lemma 1, we have
IN,[14,d,,(8).1,d,,(S).p]
)
. (9.5.54)
~ N, [zczud” (S),szlz(S);lcp] 8d“(S) .\ IN, [LCszH(S),lUdlz(S);le] adlz(s)
ad, (S) s ad,,(S) FX
Thus
IN, [lClUdn(S),lUdlz(S);le] ad, (S)
ad, (S) s
Teo, =1ty B, 1By 1 s ! , (9.5.55)
N, [, (8).0,d, (S):t.p] 9 ()
ad,,(S) s
and recall
2
! [StBtg*(:q) ]+ O-éTl
d, = - =d, +0,,, (9.5.56)
o, ’
od, _ 1 _09dy (9.5.57)
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1n[ SIB"TI '*(V*Q)BTI Ty~ (r=6) ]4‘ GiTz

X, 2
d,= . =d, +o't,T2, and (9.5.58)
t.T,
dd, 1 _0ddy (9.5.59)
ads So,, IS
Note
IN, [ 1.4,d,,(8),4,d,(S)t.p]  ON,[14,d,(8),1,d,,(S)s1.p ] 11,4, (S)]
ad, (s) 11,4, (5)] ad, (s)
J SO P (S)=1.pz
:lcluﬁ J‘ Nl Ulz—czz I’ll(Zz)dZZ
[lclU 11(5)] - 1—(lcp)
i} . (9.5.60)
—Li,N szlz(S)—szzCl(;d“(S) ”1[lclud11(5)]
\/1—(1Cp)
=lClUN1 lUdlz(S)_plUdll(S) nII:lClUd“(S)]
JiI-p°
and also
(9N2[lCszH(S),lUdlz(S);ch: _ &Nz[lCszH(S),szu(S);szJ &[szlz(S)]
ad,,(S) d 1,d,(8)] ad,,(S)
1,d,,(S) _
=1, J _[ N, lclUdu(S) lCZPZ1 ”1(21)‘121 . (9.5.61)
B[lUdﬁ] —oo \/1—(lcp)
=1,N, lClUd”(S)_lel‘;d‘z(S) nl[lUdlz(S)}
Vi=(e)
Thus,
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N, [11,d,,(8),1,d,,(S)t.p] ad (5)

- 5 B ad, (s) s
coDzlclU T4 T,.T,.8
1 +aNz[zcszH(S),szlz(S);th]adlz(s)
ad ,(S) s
Ld,—pt,d, ., 1 (9.5.62)
lClUNl \/—2 nll:lClU “]S
1_p to-t,Tl
= zClUBt,T1 ,(}BT1 s
t1,d —1.pt.d 1
+lUN1 c'u”n Cplzj 12 nll:lUdlz]SO_
1—(1Cp) oot
Therefore,
r., :Bt’Tl"?BTl’TZ’é Nl du_pdn nl(dn)_H Nl dll_deZ nl(dn) . (9.5.63)
b S 1 U 2 o c 1 cU 2 o
' \/1 P I 1 P 0T,
Compound option theta proof
J
co, EECOD(SJ,TI,TZJCJU)
2
o d,—pd nl(dll) d,—pd nl(dlZ)
=——SB _.B N |1, —= 1 -1.N,| 1.1, 12
5 Pitinatnne || v \/l—pz [ o, 1| *ctu \/l—pz o, . (9.5.64)
+lCquAStBt,Tl,éBTl,TZ,5N2 (lClUdll’lUdIZ;le)
_lClUrBt,Tz,rXUN2 (lClUdZI’lUdD;le) - lCrBt,T],rXCNl (lcd21)
Proof: There are several variables that are a function of calendar time t. Note if
—X| T,
B, =, (9.5.65)
then
9B e ™ _yp (9.5.66)
E I,T,x_xe =X t,T x U
Recall from Equation (9.5.1),
co, \(s.t.1,T,,t..1, )=11,SB_.B. . NI(ttd td., tp
D( 1°72°°C U) CUTt 1.4 7'1,T2,§ Z(CU 11°°U7"12°°C ) (9567)

-11. X B_ N

cutuPin Y2

(l ) ludzz;lcp)—chcB%er(l d )

cuT21? Cc21

Thus,
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iCOD(S,tT T, LU):zCz SB . .B J Nz(z 1,d ,1,d

ot st taotes URPnT 4 TI,TZ,SE ctv“irtu 12’lcp)

d
+lClUStBTl,T2,6N2 (lClUdll’lUdlz;le)E Bt,rl,q 9.5.68)

—-11 X B iNz(z Lyd,, 1y it p) = tedy X, N, (104, d,, 1 d22;le)%Bt,T2,r

cU U’sz»’&t CcU21°UT22° cuUu u cuUT221°U

~1,X.B aNl(l dy ) -1 XN, (1.d )iB

c t,Tl,rE c*21 ) g, Pt

We now work with each partial derivative with respect to calendar time (numbered in order of appearance in
the equation above). Based on Lemma 1, we have

8N2(l ,d, .1,d ;ch) 8(1 1,d ) aNz(l 1,d .1,d ;ch) &(1 d

CUT11’U™12 cCU™ll CUT11’U™12 U12)(9569)

J
) =N, (,d,.1,d,5.p)= +
8t Z(CU 11°°U"12°°C ) &(lClUdll) &t a(lUdn) at
Note
| [SfBun;—v—a)];’fn
8(lcludu) —1q ad,, _,, 2 ST. 2
ot U Vot o,
i - i d (9.5.70)
S 2
In| =& |[+| r—g+— (Tl—t)
0 Sl 2
=11
CUO') O'\/T;—t
Let
S o’
Alt)=1 LA+l r—g+— (T —1t), 9.5.71
(=] 3o -5 (-0 057
then
d o’
—Alt)=—|r—g+— |, 9.5.72
= A(1) {r q 2J (9-5.72)
and
B(t)=0|T,~1, (9.5.73)
then
d d o} -1/2 o
—Blt)=—o0oJT —t=—|\T —t = . 9.5.74
e L 0574
Therefore,
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_ . X -
In| —-|+|r—qg+— ||T, -t
8(lclUdn)_ L i {STI] (r ’ 2 J( 1 ) L1 i M
at U G\/Tl—t v or Bt)
I d _ d _
Blt)—Alt)-Alt) = Blt
[ #0005 200 -
cu Bz(t)
_—0 T—t[r—A+O-2J+ In 5, + r—”+6—2 (T—t) g —
1 a+- T, a5 |\ 2T —1
~lely (1, -1)
1
Reducing,
o)
r—q+-——
Nictdy) | 2 ), 4 (9.5.76)
ot “Noeyr-t 2(n-1)
Following a similar approach,
_ln(StBI,TI,—(r-q)BTPTz,—u—a) ]+ o’ (Tz ‘t) |
Nods)_ 94, _ 9 . ’
a Vo Vot o\T,~1
L i (9.5.77)
. o’
cu O'\/Tz iy 2(T2—Z)
Therefore, (note we can cancel the indicator functions)
. o
— +7
0 . _aNz<lclud1|’lUd12;lcp) (r i 2 ] dll
EN2(lClUdll’lUd12’le)_ ad,, - O'\/Tl—l +2(Tl_t)
(9.5.78)

2
8]\/2(lClUdll’lUdIZ;le) _(r_q-’-zj_,’_ d12
ad o1, 2(T,-1)

+
12

12
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JB

) T” =GB, ;- (9.5.79)
d . _ 3N2 (lclUdzl’lUdzz;lcp) O—)(lClUdZI ) &Nz (lClUdZI ’lUdZZ;le) a(lUdzz)
3 =N, (tc1y syt ditep) = o) FR— Nods) o 05.80)

Note following a similar approach as above,

2
| S Bictei |
Nie,d,,) L, ad,, 9 S, 2
ot vt Yot o,
L 1, and (9.5.81)
, o’
r—g+-—
=11 ’ 2 + oy
Y oo(n-t)  2(r-1)
2
0T,
W), 9y 0 (8 BB/ Ku) =
ot vt Yot o,
i . (9.5.82)
r—é+0—
2 d22

Therefore, (note we can cancel the indicator functions)

r—q+—
aNz(lClUdzl,lUdzz;lcp) 2 d,

J o) _
ENz(lclUdzledzz’lcp)_ ‘9d21 G(Tl—l‘) +2(Tl_t)
(9.5.83)
2
-0+ —
+8Nz(lclud21’ludzz;lcp) _[r ! 2 )_’_ d,,
O—)a'22 o'\/T2—t 2(Tz—t)
4 %=FB . (9.5.84)
at t,T,,r
. o’
j— +7
9 _&Nl(lcdzl)a(lcdzl)_aNl(lc 21) _(r ik ] dy 9.5.85
(5) &’tNl(lCle)_ Nied,) o~ od, o +2(Tl—t)' (9.5.85)
13
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dB

(6) a—; =rB,, . (9.5.86)
Substituting these results into the original equation,
d

—CO,(S.t.T,. T, 1.1,

STt 22T COU
dt

2
. r—é+j
o"Nz(lCszH,szlz,le) _( 2 N d,

8dn G\/T—t 2(Tl—t)

=11.SB_.B

PP g OnT,8

2
r—q+-—
+8N2(lclud11’ludlz;lcp) _( 2 ]+ dy,

ad, o1t 2(T,-1)

+1.1,S B, . ;N (lClUdll’lUdIZ;le)éBfwTv‘i

cuPrPnnet Y 2

r—q+—
8N2(zcsz21,lUd22;le) 2 . d,,

ad,, o(r,-t) 2(1,-1)

-11. X B

cutuPir,.,

2
—g+—
+8N2(lClUd21,lUd22;lcp) _[r 1 2)4_ d,,
dd,, o1, 2(T,-1)

-1, X N2(zCsz2|,ludn;lcp)rBt,szr

cuUTu

. o’
— +7
_ ON,(1.4,,) _[r ! 2J d, L 9587)
e B, dd,, 0\/Tl—t +2(Tl_t>

Cc21

~1. XN, (l d )rBt’T] ,

Rearranging to exploit Lemmas 2 and 3,
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ﬁcoD(S,tT Tty )

27127227 CTU
ot

2
: r—c}+j
=11,SB _.B (9N2(1C1Udn,sz12,le) _[ 2 N d

cvP P iPro s ad,, O'\/Tl—t 2(Tl—t)
( ZJ
. r—q+-—
+ SB B aNz(lclUdu’lUdlz’lcp) _ 2 + dlZ
LlyS B iPror 6 ad O'\/T—l‘ 2(T—t>
12 2 2
_ [ zj
r—q+—
-1, X B aNz(lcludzl’ludzz;lcp) _ 2 + il
cutuTLT, (9le G(Tl—l‘) 2(T1—t)
- [ Z\J
r—q+—
-1, X B aNz(lcludzl’lUdzz;lcp) _ 2 + i
ctu v, c9d22 O'\/Tz—t 2(T2—t)

-
— A+7
-1.X B 8N1(lcd21) Lr ! 2 ] dzl
ccPun del o'\/T_t Z(TI—t)

+lClUStBT],T2,6N2 (lClUdl 1 ’lUdIZ;le)th,Tl,q

(9.5.88)

cuUu-u

~1, XN, (1.d )rBt!TI i

Cc721

-11.X N2(zclUdﬂ,szzz;le)rBl’Tz,r

Substituting for d11 and d\, and related partials, we have
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iCOD(SzTTl 1)

&t sbodsdastesty
2
r—q+—
BNZ(lCszll,lUdlz;ch) 2 ) d, +oT ~t
lClUStBt,Tl,éBTl,TZ,E 3d - + T
21 0'\/711_’ ( l_t)
[ 2j
r—g+—
— X B a]\ll(lClUdZI’lU(122;le)) 2 d21
B IR Jd (T T
21 0( 1_t) ( 1_t)
r—q+—
N, (1.d,,) 2 d,
_lCXCBtTr - +
T 9d,, 0\/Tl_¢ 2(7,-1)

2

Ll i
11.SB. B 8N2(lClUdll’lUd12’le) [ 2 ] d,+0\T,—t

ctui PP, s ad,, o|T, 1 " 2(7,~1)

r—qg+—
-1 X B aNz(lClUdz"lUd”;lcp ) —~ 2 + a2 . (9.5.89)
CUT UL 3d22 O_\/712 —¢ 2(1—; _t)

+1.1,SB. . N (l 1,d lUdlz;lCP)‘?Bt,r,q

cuPPr et 2 \ctute

-1.1,X, Nz(l t.d,.t.d 'lcp)rBt’Tz,r

cu U cUT21°U 22

~1, XN, (1.d )rBt’Tl ,

Cc721
Note that
%) %)
r—q+-— r—g——
B 2 d2]+0 T{—tz_ 2 d21 B o 9.5.90
T (e R v ) R v
and
%) -9
r—q+-— r—q—-—
_ 2 ), dptoyh-t 2 d, __ o 9.5.91
N T () R v e RN e

Substituting these results, based on Lemmas 2 and 3, the remaining terms are (substituting back for d; and
d»)
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iCOD(S,z,T T .1 lu):_l tSB_.B aNz(lClUdll’lUdlz;lcp)[ o ]

at 124290 CUT Tt L. 11,6 8(,27“ 2\/7—1—t
ON (v1d ,td ;t
_lClUS,BtT ‘BT 7.5 2( cCUT11P U2 Cp) ° : (9592)
nan, od, 2T, -t

11,48 B, , .B Nz(ud lUdlz;le)

TRt W it A ctu“ie

_lClUrBt,Tz,rXUN2(l'l d,1,d 'ch)—lcht‘T]’rXch(l d )

ctuartu®ans c%a
Recall
IN (t.1.d ,1.d ;1 _
Z(CU 1°uvn Cp)lelUNl lU dlz pd11 l’ll(d“), (9593)
0—)d11 1_p2
and also
JN. d vd.; —
z(lClU 1wl %o lcp)=lUN1 .1, d“ pd_lz nl(d12)' (9'5'94)
ad 1— p?
12 P
Thus,
% d.,—pd o
—COo,\(S8,t.T.,T,,1.,1,)=—S B, .B N |t 22— \n(d, )| ——
ot D( rate U) Latnnst | v 1_p2 1( 11)[2 TI_ZJ
d, —pd o
1S Byr i Brr, Ny lclyﬁ ”1(%)[@} (9.5.95)
lCquAStBt,Tl,z)BT],TZ,(SNZ(lClUdll’lUdlz;le)
_lClUrBt,TZ,rXUNZ (lclUdzl’lUdzz;lcp) - lcht,T1 ,rXch (lCdZI)
And finally,
Nl d12_pd11 [nl(dll)}
1| ‘v 2 p
J o’ J1-p 0,
ECOD(S,t,Tl,Tz,zC,zU)=—75t13,ﬂ,413r112,(s
d —pd nl(dIZ)
U N | 2o 12
ctVi| v 2
J1-p* )L 9
+lclUéS,B;,g,ng,rz,5Nz(lclydmludlz?lcp) . (9.5.96)

c721

_lClUrBt,T2,rXUN2 (zCLUdZI,lUdZZ;sz) - lCrBt,Tl,rXCNl (l d )
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Compound option vega proof

ico(S,t,Tl,Tl 1,)=SB, ;B . (9.5.97)

Jo 227C 0.6 T g

Proof: There are several variables that are a function of volatility, o. Highlighting this dependency, we have

iCO(S,t T.T 1 lU)Zl 1. SB._ B iNz[l L.d (0') 1.d (0');ch]

STt 207C? cCU~t 1,6 T.T,—q CU11 U2
Jdo 20 bl g

-t.1,X,B , B iNZ[L 1,d (O'),l dzz(a);ch]—z X.B iN[l 1,d (a)]

cuUuTuUTLy L ,—g CcCU 21 U c*TCT T, CcC'U 21
> hhmd g " do

, (9.5.98)

Based on lemma 1, we have

aNz I:lClUdll (O-)’lUdIZ (G)ﬂcp] adn

iCO(SzTTz 1,)=14,S,B,, ;B Ohi 0
do Tomen cUThe IR +aNz[lclUdll(G)’ludlz(o);lcp] adlz
ad,, dJdo
oN, [zCLUaI21 (0'),an’22 (6);1Cp] ad,,
1, X8, B, , o " w0399
o +aN2[lClUd21(0'),sz22(0');le] od,,
dd,, dJo
_chth,Tl,r aN[lC(—;ZleI (O-)] aadoz'l

21

Rearranging to exploit Lemmas 2 and 3, we have

aiCO(S,t T,.T,.10.1, ) =1.4,S,B,, ;B ON, [ 1tyd, (0)4,d,(0)tcp Joa,

st tateoty (Ot I g N Y
o) ad,, Jdo

_lClUXUBt’TZ’rBTI s 8N2 I:lClUd21 (3'3, lUd22 (O-),lcp:l aaciz-l

21
_chth,T. - o I:lC;l:idzl (G)] aadoz'l

21

+11SB . .B aNz[lClUd“(G)’lUd”(G);le] ad,,

CUTtt.T,,0 1,1, —q ad]2 Jdo

L XB. B aN2I:lClUdZI(O'),lud22(0');lcp] ad,,

CUT UL, 4 adzz ao.

., (9.5.100)

Based on Lemma 2
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o N, [1.4,d,,.1,d,,51.p]0d,,
O_CO(S 6Tty ) =1y S,B 5By CUalalan dpyite at
XB B IN [lCU 21’lUd22;lcp] dd,,
Ly Ay T St A od 9o
21
ON|1 ad,,
Tl KBy, [afiu ) o , (9.5.101)
IN, |t t,d,.4,d,3t.p|0d,
+lClUStBtT 5BTT —4 [CUBIC} — Cp:l 80‘
22
XB B aNZ[lcl 20l cP] dd,,
Lty Ay B, Prr, -4 3 86
22
Note
a 11 (d +to t) 21
+4/7,—t and (9.5.102)
o oo
od,, (d +G./ ) d,
+4JT, —t. 9.5.103
oo Jo 2 ( )

Substituting for these partials and rearranging, we have

oON. [z P:|
L 1LSB. B CUI]’U12’C
UL, 87T 4 ad2]
p) adZI N l:lCU ooty Cp:l
O'CO(S t,Tl,Tz,lC: U) o lclUXUBtT rBT VPR ad2l
L X.B aN[lcu 21]
c*cPunr adzl
aN l 9 9
lClUS[BtT aBTT —q I:CUaL; — Cp] . (95104)
2
9o N, [14,d, .1, d,51.p]
_lClUXUBtTrBTT » CUaZ S

+11SB_ B oN. [lClUdll’lUdlz’ cp] /

CUT 11,0 T,,T,—q

+11SB B a [lClUdll’U 12’ Cp] ’

CUTt 71,67 .T,~q
d22

Again, based on Lemma 2 and 3, we have

iCO(StT T .1 )—l tSB._ B N [lCU why CPJJ

’1’2’C’ CUttTS TT
dJdo 4

(9.5.105)

+11.SB B aN I:lCU ll’lUdlz’ Cp:l ,

UL, 87T~
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Note

aN I:lCU 11° Ud12’ Cp] aN I:lCU ll’lUdI2’ Cp:l aI:lCU I]:I

adll QI:IC U 11:| acjll
9 anI]2 -1.pz,
e d.
o aI:lcu 11] 1—(lCP)2 nl(ZZ) ”
- , (9.5.106)
=1.1,N, Ly 12 Cplcludn (lcludn)
\/1 l p
d., —pd
=1.1,N, lUjl——ppZ“Jnl(dn)
and also
&N I:lCU 11° U 12’ Cp:l aN I:lCU 11° U 12’ Cp] (9I:lU 12:|
dd, (9[1U 12] ad,,
— & b lClUdll p 1 9 5 107
Tl LN Ry [ o
d —pd
:lUNl{lClU ”l_ppzm]nl(dlz)
Substituting,

d.—pd
aiCO(StT T.,1.,1 )—l tSB._.B. . . zClUNILl ”—p“Jnl(dn) T -t

1°72°°C>U CUttT5 .7,,-q U 2 1
Ji-p
(9.5.108)
d —pd
+lClUStBtT aBTT .y lUNl Ly Y p;z nl(dlz) Tz_t
JI=-p
Therefore, the compound option vega can be expressed as
d,—pd
TltNl[lU 121 ppz“]nl(dn)
iCO(S 61,7101, )=S,B (9.5.109)

do

[N S M S
d, —pd
+ T—l‘Nl[ll ””]nl(dlz)
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Compound option rho proof

iCO(S,t,Tl,T leoly ) =14y B, B (T, 1) X, N, (1.1,d,,.1,d,51.p)

) 2les P r UL~ cvrarvTRer] (9.5.110)
+1.B,, (T -1) X.N(11,d,)

Proof: There are several variables that are a function of the interest rate, 7.

iCO(S,t T.,T,.1 lU)=l 1,SB ., B iN [z 1,d (r),z d (r);ch]

or st ttes CUS i 8T —4 g, 2 LUt v*12
d
—lclUXUBz,rz,r(”)BTI,TZ,_,;$N2[lcludzl(r)»ludzz(r)ﬂcp]
J
~te1, X, B, N, [ 14,d,, (r)o1,d,, (r);lcp:IgBthzﬂr () . (95111

X B, (7)1, ()]

cTrCcTeL ar cU™21

0
“1. X N[ 11,d, (r)]53tjl L(r)
From lemma 1, we note

a]\]2 (lClUdll’lUdl2;le) ad

11

iCO(StTTl l)—lLSB B 9, or
Lt v R ek U A e Vi S A S WV .
or i +8N2(1C1Udll,szlz,le) ad.,
dd,, or
aNz (lClUdZI’lUdZZ;le) ad21
Y B B ad,, or
—llyAyD, g, 7.7,
; i +8N2(lclud21,lud22;lcp) d,,
ad,, or
0
_lclUXUBT,,Tz,quz(lclUdzl’lUdzz;le)gBx,Tz,r , (9.5.112)
aN(lClUdZI) ad,,

-1.X B
ceThy E)a’21 or

—lCXCN(l l dZI)iBtT .

cU ar T

Rearranging to exploit Lemmas 2 and 3, we have
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S N, (1.4,d,,.t,d,,:1.p) dd
3y COMSAT T et ) =1 8B, B, G R
SB_ B aNz (lcludn’ludlz;lcp) adlz
Fet,o, 10,6 1.0,~¢ od or
12
v ON(ud,)ad,

cteBae T o, or
aNZ(lClUdZI’lUdZZ;le) ad21

_lClUXUBt,Tz,"BTI,Tp—f? ad or
21

X B B aNZ(lClUdN’lUdZZ;le) ad22

Ly Ay b, P, - od or
22

-11.X, B N2(l 1.d szzz;le)iB r—lCXCN(l t.d )aiBtTr
¥

cv UL~ ctu*ar or 4D c'u“n

Based on Lemma 2

0 aNz (lClUdll’lUdlz;le) ad
5C0(S’t’Tl’T2’lc’lU)=lClUSth»Tz»5BTvTZ“é dd,, 8;]
SB B aNZ (lClUdll’lUdlz;le> ad22
T, T Tty o od or
22
X B B aNZ(lClUdZI’lUdZZ;le) ad2l
Tty Ao B, P od or
21
X B B a]\]2(lClUCZZI’lULZZZ;le) ad22
Ay [ g o od or
22
v ON(ud,)ad,

T 9d, o
d J
~1.4,X,B, . N, (14,dy.1,d51.p)=—B,,  —1. X N(1.1,d, )—B

cv P-4 clu“ar or  th cua)y, Pt

Note

ad,, _ a(d21+0'le—t) _ dd,, and
0 0

or r r
adlz B a(d22+6\/T2_t) B ad22
or or oo

Substituting for these partials and rearranging, we have
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I aNZ(lClUdll’lUdIZ;le) ]
lClUStBt,TZ,ﬁBT] Td od
21
p) ad aNz(lclUdzledzz;lcp)
ECO(S’t’Ti’TZ’lC’lU): a’fl _lClUXUBt,Tz,rBTI,TZ,—é ad
21
L XB aN(lClUdZI)
cTrCTLLr ad21
B B aN2(lClUd”,lUd12;le)
p Ly, 11,6 1.1~ ad
+a_22 2 R (9.5.117)
r ON, (t.1.d ,1.d ;i
_lClUXUBt,T,rBT,TZ,fl} 2<CU826; v cp)

22
' d J
1.1, X, B Nz(lClUd21,lUd22,le)—BI’TZJ—lCXCN(l 1,d )—B

CU T UTT.L—q or cUT21 or t,T.r

Again, based on Lemma 2 and 3 and partials with respect to B, we have the compound option rho as

aico(s,t,T Tyoteoly ) =11y Xy By o oN, (108, dy 1, oyt p)(T,~ 1) B,

B r2te cu Ut T, 4 ctutu®an , (9.5.118)
+chcN(lClUd21)(T1 _t)Bt,T],r
Validation of partial differential equation
Recall the compound option partial differential equation can be expressed as
dCO dCOo 1 2°CO
t)CO, = Lol r(t)-ql(t LS+—c’(t)S D, 9.5.119
(10, =52 +[r(0)-a(0)} 5525+ 5 0% ()5 5 ©5.119)
We validate this equation by solving for theta or
JdCo, dCO 1 2*°CO
=r(t)CO,—|r(t)-q(t L§——c’(t)S D 9.5.120
o 2 =r(0)o, = [ r(1)=4(1) |75 B S - 0 (1)s (9.5.120)
Recall
CO(S,Z,TI,Tz,zC,zU)z zCzUSth,TPéBTPTPﬁNz(zClUd“,szlz;le) ©.5.121)
_lClUXUBt,TZ,rNZ (lClUdZI’lUdZZ;le)_lCXCBt,T],rN(lCdﬂ)
9CO,(S.1.7,.T;)
oo, = Das =18, B, N, (14,d,,.0,d,510p), and (9.5.122)
2
_9 COD(S’t’TI’TZ)zB"Tw‘?BTPTZ"S N | G P, "1(d“)+z N | oq, =P () (9.5.123)
co, 052 Sz 1| v \/l—pz Gr,r, c 1| cu \/l_pz O-z,rz

Thus, substituting these results into the rearranged partial differential equation, we have
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11 X. B N (l ,d,,L, dzz,lcp) lCXCBrT N(lca’21

CUTTU LT,

BCOD (t)[lClUStBthBT 7,8 2(l ,d,st,d,,; lcp)
)

—[r(t)—c}(t)]S[lClUBthBTT s (z 1,d L dlz;lcp)] . (9.5.124)

1 B, B d,—pd d d d
_50-2([)S|: ,Tl,qStTl,TPﬁ[NI[U \/1 —p 11J G( 11)+lcN1[CU i/11 P 12} O(_[ 12):“

Cancelling terms,

8;017 =-1., r( )
+¢j(t)S[l 1B _.B (l 1,d 1,d,; le)] . (9.5.125)

(oa s i Bty Y )

Bz, ,AB, K d d d d d
_ quleth?O.z(t)[Nl[U \/1 —P 11] G( )+lC I[CU i/11 P 12] 6(12)}

t)X. B_ N (z 1,d, . 1,d,,; ch) ()XCB,T N(lcd21)

U=,

Recall
J
®COD = ECOD (S’Z’Tl’Tvlc’lU)
cz(t) —pd,, | m(d,) | —pd n(d,)
— SB B N 11 11 12
g TTé{ I{U \/1 J[ . C I CU \/1 tT
+i.1, ( )StBthB” s 2(1 1,d 1 dlz,lcp)—lClUr( )Bt,TzJ,X N (lcludﬂ 1,d,; lcp) ( )B XN (lcdn)

(9.5.126)

Thus, the PDE obtained from hedging with the underlying instrument is satisfied.

Lemma 1: Leibniz integral rule for double integral applied to bivariate normal

Assuming N, (a(x),b(x); p) is a standard bivariate normal cumulative distribution function, then

sz(a(x),b(x);p) _ sz(a(x),b(x);P) db(x) N sz(a(x),b(x);p) da(x) ‘ (9.5.127)
dx db(x) dx da(x) dx

Lemma 1 Proof: Assuming f ( X,2,,Z ) is a continuous function where the needed derivatives exists, then

)u(x)

xz ,Z, E J Jf X,z,,z, dz dz, = jg(x,zz)dzz, (9.5.128)
) 4(x) (

where

(x)
g(xz,)= [ flx.z.2,)dz, (9.5.129)
4(x)

and note
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()
Iy(x%.z2,) [ (v (x).2, )z, (9.5.130)
(

du, (x) ) 2
M:T)f(x 2,10, (x)) dz (9.5.131)
Ju, (x) 1) T v o
Mozz) Y d 9.5.132
0711()6) = Izz[)f(x,ll(x),zz)dZQ,an (9.5.132)
DAnzn)_ —ul(fx)f(x 2,0, (x))dz (9.5.133)
8lz(x) - e 7172 1 D
Applying the Leibniz integral rule to the outer integral
dy X,2,,Z uz(X) d dZ/l X dl X
( dxl 2) = lzz[)a[g(x,zz)]dzz +_;)(C )g(x,uz(x))—%g(x,lz(x))

(x) (x) (x) (x) (x) () ©>.139)
UZ X d u] X du x Ml X dl x Ill X
_ J‘ a[ J f(x,zl,zz)dzl}dz2 + ;x Z[)f(x,zl,u2 (x))dzl - ;'x A

= f(x,zl,l2 (x))dz1
L(x) 1(x) I

and also applying the Leibniz integral rule to the inner integral (first term in the equation above)
”1(")

d u,(-")df V2,52, dl d[l
EIII(IX)J’(;c,zl,ZZ)dzl= J (x )dzl+ ud(x>f(x,ul(x),zz)—%f(x,ll(x),zz). (9.5.135)

) dx X
Substituting this result into the previous equation, we have

dy(x,z,,z ol l) df(x,z,,z du (x dl (x
loza) | [ ftezen) 0 - s 1)) e
y HLA) Y . (9.5.136)
d u(x i ()46
+ M;ix) l](x)f(x,zl,uz (x))dz1 - ZdiX) Il f(x,zl,l2 (x))dzl
Thus
cly(x,z1 22) _ Zj-x)ulj.x) df(x,zl,zz) a0
O R
d ty(x) dl ()
+ uclb(CX) 12{) S (xu(x).2, )dz, - ;E:C) Il £ (x(x).2,)dz, (9.5.137)
d () dl ()"
+ u;)(cx) ,lf[)f(x zZ,,U, ()c))alz1 - ;ix) ll([)f(x z,,1, (x))dz]
or
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XZZ

inlx) s +o7y(x,zl,zz)du](x)+8y(x,zl,zz)dZ] (x)
12( / 0 aul (x) dx 8Zl (x)
+(9y(x,zl,zz) du, x) 8y(x,zl,zz) dl, (x)

du, (x) dx " al, (x) dx

'E('-dfxz z)

X
. (9.5.138)

QED

Example: Bivariate standard normal cumulative distribution function
Consider

2 2
z, —2pzz,+2,

ols) ) <P {‘ 2(1- p?) } o))
N, (a(x).b(x):p)= | | dz dz,= [ | f(z.2,)dz,dz,. (9.5.139)
b 27r\/1—p2 e

Based on Lemma 1, we have

sz(a(x),b(x);p) alx) ) df(zl,zz) db(x) ) d(—°°) (
- - ££ e, dzz+7:|;f(b(x) z,)dz, - — if(—w z,)dz, o510
da(x)" d(—o0) ™) o
+ dEc ):’;f(zl,a(x))dzl— (dx )if(zl’_oo>dzl
Thus
dN,\alx),b(x);p| db (x) di )
( (a}x ( ) ): dECX)_'[Qf(b(x) Zz)dzz+ a(x):l;f(zl a(x))d21
o)l ) —2pb(x)z, +2 N 2 -2pza(x)+a(x) | . (95141
db(x) alx) P 2(1—/)2) da(x)b(x) P 2(1—p2)
= J‘ dz, + dz
dx =, 27r\/1—/o2 Todx 2”\/1—P2 1

or

’ + (9.5.142)
dx db(x) dx da(x x
Lemma 2: Compound option partial with respect to dz;
We assert
?_co L (8.6.7,7,) =0, (9.5.143)
dd,,
and
IN, [ 1.,d,,(8),1,d,,(S)t.p]  ON,[1.4,d,(8),1,d,(S)1.p] 0.5.144)
ad, (S) - ad, () ' -
Lemma 2 Proof: Recall
26
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d =d +0

11 21 LT’

(9.5.145)

and therefore

N, 1,4, (8).1,d,, () p] 9N2{lcly[d21(5)+0f,rl ],szIZ(S);le} 8[d21(S)+0'17T1]

CcCU11
adll(S) 8|:d21(S)+Gt,Tl:| ale(S) (9.5.146)
8N2|:lclud“(S),lUdlz(S);lcp}
ad, (S)
Taking the derivative, we have
P 8N2[lCszH(S),lUdlz(S);lcp]
= COp (ST T,) =104, 5,8, 1By 1 ad. (S)
2! 2 . (9.5.147)
iy &Nz[lClUdZI(S),ludzz(S);ch]_l Y B o'?Nl[lCdzl(S)]
CU UL adZI(S) cTr e 50’21
ON,|11.d, (S),d (S)
We now focus on 2[ cu Al vz Cp] . Note
ad, ()
’C’Ud21(S)’Udzz(S)
Nz[lcludﬂ(S),ludn(S);lcp]: J I nz(z],zz)dzzdzl
ety (O 1d,,(8) 1oy iy dy (5) . (9.5.148)
= [ n, (zz‘zl)dzzjlnl (21)d21 = [ n, (zl|zz)d21]n1 (zz)dz2
Thus
101y dy, (8)] 1,d,,(S)
N2[lClUdZI(S),lUdzz(S);le]= [ ”1(Zz|21)d22]”1(z1)d21
" , (9.5.149)
1clydy (S
= N, lUdZZ(S)_lcle nl(zl>dzl
2
- 1—(ch)
and
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8N2[z 1,d,, (8),1,d (S);lcp]_ 8N2|:lclud21(S),ludzz(S);lcp] 8[1C1Ud2|(S)]

c'u™a (V) _
ad,,(S) N 1c1,d,,(8)] ad,,(S)
a 1C1Ud21(S) L d (S)—l pZ
=1l == N | F2———="1|n(z )dz
cu 9[lclyd21(5)] J; ll: '1_(100)2 1( 1) 1

(9.5.150)

=11 N lUdzz(S)lelClUle(S)}l[l t,d (S)J

\/1_(lcp)2 cu¥a

d (S)-pt d (S
=lClUN1 lU 22(\/)1_91)12/ 21( )]nl[lclUdZI(S):I

8N2[l vd (S),t.d (S);ch]

CcCUll U112

ad,,(s)

. Note

We now focus on

telydy, (8)1,d,,(S)
Nz[l 1.d (S),l d (S);leJZ J j nz(zl,z2)dz2a’z1

CUTl1 U112
a lUdlz(S)l:lClUd“(S) . (95151)

1o1yd, (9] 1,d,,(8)
= J { I nl(zz|zl)nl(zl)d22]dzl= j J. nl(zl‘zz)nl(zz)dzl]dz2

—oo —oo —oo

And
dN, [lClUd” (S),lual12 (S);lcp] _ dN, {lClU [dZI (5)+ O, },lU [dzz(S)+ O, };ch} ©5.152)
ad, (s) ad,,(S) ’
tely [“'21(5)*0',,71 ] lb,[d22(5)+0'112:|
Nz{lclU[dZI(S)+O'I’TI},IU[dZZ(S)+Gt’TJ;le}: j I nz(zl,zz)dzz dz,

—oo —co

1ol [dzl(S)“’,,rl ] lL'[dzz(S)+0-z,T2 ]

- .[ |: _[ nl(ZZZl)dzzjlnl(zl)dzl , and (9.5.153)

—oo —oo

—oo —oo

5 [dzz(S)+G;,Tz ] l(?ll/’[dzl(S)+o-z<Tl ]
.[ { .[ ”1(lez)d21]”1(zz)dzz
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J N, {lClU [dm(S)Jf S, ],IU [dn ($)+a,, };ch}

dd,,
J d,(S)+o,
) o”{tclu [dzlfS)'FO' r]} Nz{lclv[dﬂ(S)JrGfﬂ}"U[d22(5)+0t~fz];lcp} {lClU[ ;ldzl = }}
tety| doi(81+0, 1 || 0] da(SHe0, 1, |
J
g | { J nl(zzzl)dzzjlnl(zl)dzl . (9.5.154)

($)+a,, |- (s)
_ lClUNl L, |:d22 S)+ G:,Tz i| lcp(lcl:/ |:d21 S)+ O-I.Tl ]) n, {lClU |:d21(S)+ 6’~T1 ]}
\/1_(lcp)
= lclUNl ¢ |:d22 (S)+ O-ZYTZ\/:|1_/:: |:d21 (S)+ O-t,Tl }}"1 {lclU |:d21(S)+ O-t.Tl ]}
Finally
az N [1.d,,(8)]=1.n[ 1.4, ()] (9.5.155)
21
Therefore,
2-co,(s..1,)

21

cuPiPnn gt s | fctutt \/l—pz

1,d,(S)-py,d, (S)
_lClUXUBz,TZ,r{lClUNll v_22 \/l—pp;/ 2! nl[lcludzl(S):I

=t1SB . .B [l 1, N {IU[dzz(S)JrGt’Tz]_plU[dzl(S)Jro-l’T]]}”l{lcw |:d2](S)+O-;,TI ]}]

(9.5.156)

_chCBt,Tl,r {zcnl [lcd21 (S)]}

Note

2

Jam i Var , and (9.5.157)
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”1{lclu [dZI(S)+ O,; }}: on = Lor

[ 20,,4,(5)+0" [ o;
= n [, (5)]exp| -2 } nld, 0,4, (5)- 72

=n, [a’21 (S):Iexp —%]exp _—crt’Tlaf21 (S)]

*Bt r
=— ST tn | d,, ()] . (9.5.158)
Therefore,
2_co L (8.6.7,.T,)
dd,, e
d,(S)+ d, (S)+ S'B_
585t | L O e 5
Ji=p' ’ . (9.5.159)
X B lclU lClUN1[U 22(\/) plUdzl( ):|n1|:d21(S):|
1_
XCBtT - C{lcnl[dzl(s)]}
Eliminating squared indicator functions and rearranging,
- dzz(S)-"O-t,r2 - p|:d21 (S)+Gt,7"]i|
STIBT,,T2,6N1 L, ﬁ
%co (.71, = [y (5)]B,,, (9.5.160)

U, r

v oa Nlllud ,(8)- p21(S)] X,

Note
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O-tT
dzz_ —d, d d
d,—pd, O, 0,710,018y
J1-p’ O, O,
Gt,Tz
1 StBtT (r-q) " T, T,~(r=6) _O-;Z,TZ 1 StBtT (r-4) _O-zle
i X, 2 i STl 2
LT, O-t,Tz LT, O-t,Tl
O,
S B 2 S 2 SB S* 2 2
In 10T ~(r=4) T T Ty~ (r=6) O, 1 111 ~(r-4) +o-t,Tl 1 (211, ~(-8)°T, Gzrz O-tTl
X, 2 S, 2 XS 2 2
O-TI’TZ O-T"Tl
* 2
ol SnBrnco-s | O
X, 2 .
= :aIZ’TPT2 (9.5.161)
O,
And
dzz p(d Y l)+GtT2 pdzl O,r pO-zT
J! Jl e
_ 9, . (9.5.162)
O-t,Tz O-tn 2 2 2
=d + Ou, g 2 e T
T, 2,17, 2,17, —un,
2,77, GT] 1 O'TI‘T2 O'T1 I
O-t,Tz
Therefore,
a * * *
5o CO, (S..1,.1) = [ d, ()] tT’{STIBT]’TzﬁNl(lUdLTPTZ)—XUBTI’TZJNl(lUdz,TI’TZ)—XC}, (9.5.163)

21

and therefore

a * *
aTCO (S t’TPTz) ( 21(S))Bz,rl, {lUSTBT T, N (lUdl,Tl,Tz)_lUXUBTl,TZ,r~N1(lUd2,T],T2)_lUXC}'(9'5'164)
Recall
lUS;IBTI,TZ,&Nl (lUdl*,T],TZ)_lUXUBT],TZ,rNI (lud;,rl,rz)_lUXC =0. (9'5'165)

Thus,

9 _co ,(8.6.7,1,)=0. (9.5.166)

. L) = 5.
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Lemma 3: Compound option partial with respect to d>>
We assert

d
—CO, \S,t,T.,T,)=0, 9.5.167
adzz D( 1 2) ( )

and

8N2[z v.d (S),.d (S);ch]_ 8N2[l L.d (S),lud]2(S);ch]

CU™Tll >UT12 cUT

_ . 9.5.168
dd,,(s) d,,(S) ( )

Lemma 3 Proof: Recall
d,=d,+ O, (9.5.169)
and follow same logic as the first part of Lemma 2. Taking the derivative,

P, 8N2[zClUd”(S),szlz(S);chJ
—CO,\S8.t,T,T,)=1.1,SB . .B
3d22 D( 1 2) CUNtTLL .G LTS &dzz(S)

dN, [zclual21 (S),lud22 (S);lcp:l
et XuBirs 74, (5)
22

(9.5.170)

QNZ[L 1,d,,(S),1,d (S);ch]

CcU 21 >UT22

ad,(S)

We now focus on . Note

11y dy, (8) 1,y (S)
N, [zCLUaI21 (S),an’22 (S);ch] = J‘ I n, (Zl,zz)dz2 dz,

—oo —co

(9.5.171)

—oo —oo —oo —oo

tCIUdZI(S)[lUdZZ(S) lL,dZZ(S)ll(tl,,dﬂ(S)

n, (22 ‘zl)a’z2 :lnl (zl)a’z1 = n, (z1 |22)a'21]n1 (zz)a'z2

Thus

cU™21 2UT22

Nz[z 1,d, (S),1 d (S);ch]z

—co —co

zvdﬂ(s)lilczvdu(s)

n, (z1 ‘zz )afz1 ]nl (22)d22

: (9.5.172)

ludzz(S)
_ J- N lCan’ZI(S)—szz2

- \/1_(lcp)2

n, (zz)a’z2

and

o'?Nz[z 1,d, (8),1,d (S);ch}_ 8N2[l 1,d,,(S),1,d (S);ch] 8[1 d (S)]

cUT21 UT22 cUT21 U™22 U™22

dd,,(S) - I 1,d,,(5)] ad,,(S)

U722

(9.5.173)

1,d,,(8)
d N 1.1,d, (S)-1.pz,

- Yold,] L \/1_(%1))2

n, (22 ) dz,
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Therefore,

U22

OV, 1e s ()1, (S)cp ]—zUNI{lClUd”(S)ICP lUd”(S)}nl[z d,(s)].  (9.5174)

gdzz(S) \/1—(lcp)2

8N2[lcludll(S),lUdIZ(S);le:' N

ad,,(S)

We now focus on ote

lClUd”(S) IUdu(S)

Nz[l t.d (S),l d (S);lcp]= J '[ }12(21,22)afzzdz1

cv%n v
tetydy () 1yd,(8) 1,d,(S)[ 1.4,d,,(S) : (95175)
= _[ { I nl(Zz|zl)d22:lnl(Zl)a’z1 = j l: I nl(Zl‘zz)dzl]nl(zz)dz2
And
IN, [lczud]I(S),zudlz(S);ch] ) 8N2{zCzU |:d21(S)+Gl’Tl J,lU [d22(5)+ O, };ch} 05,176
dd,, (S) - dd,, (S) T
tctu[dﬂ(s)ﬁ-atv.,.] ]’u[dzz(S)Jf‘ﬂ,rz ]
Nz{zclU[dzl(SHo;Jl],zU[dzz(S)+c7t’TJ;sz}: _[ I nz(zl,zz)dzz dz,
lL'lU[dZI(S)+GI.Tl:| ‘u[dzz(5)+°'/,r2]
= J. |: nl(zzzl)dzz:lnl(zl)dz1 , (9.5.177)
Iy [dzz(s)ératfz] 1oty [d21(5)+0'1'7.l]
= J. { j n, (zlzz)a’zl]n1 (zz)a’z2
7d. N, {lClU [d2] (5)+ O, },1U [dzz (8)+ o, };ch}
) ‘ 8{1U [dzz(S)+0',J2 }}
a{zu 4, ($)+a,, J} " {lClU [ ()40, [ (S, ]"Cp} od,,
P ’u[dzz(S)“’z,rz] ZCIUIZdZI(S)‘FO'IJ-]] (9.5.178)
=1, od J. n, (Zl‘zz)dz1 n, (Zz)dz2
22 —co —o0

=1,N, < [d” (s)+0.; ]_ lcp(l" [d” ($)+o,, }) n, {w [d22(5)+ o, ]}
\/1—(1Cp)2 :

and
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é’Nz[z 1,d, (8),1,d (S);ch]

cCU11 >TU 12
ad,,(S)
. (9.5.179)
L1, [dZI(S)+ o, }—ch(lU[alzz(S)Hrtj2 })
=1,N, — nl{lU [d22(5)+0ﬂj}
\/1—(lcp)
Substituting these two partial derivatives,
P o—)NzI:lClUdn(S),lUdu(S);lcp]
—0COo \S,t,T, T )=11,.SB . .B
9d22 D( 1 2) CUNtTLL G T, .S 96122(5)
Y B 07N2I:lClUd21(S),lUdzz(S);lcp:I
-1 L
cUTUTHL, ad,(S)
lClU|:d21(S)+O-t,T]]_lcp(lu[dzz(s)+6t,rz:|) . (9.5.180)
=1:4,S,B,, B, ; 1N, . n {zU [dzz (s)+o,, ]}
\/1—(ch)
d, \S)- d (S
—t 1, X, B, 1N, cly 21( ) lcpl;f 22( ) nl[lUdzz(S):'
\/1—(lcp)
Note
2
(lUdZZ) 2
exp| — 5 exp 2
2
(1, )= Sy v =n,(d,,), (9.5.181)
and
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2
n{i[d.(9)+0,, ]} = =n[d,(s)+a,, |
2
(d22 +Gt,T)
exp| — 5
20—:,7 dzz + O-zz,r 2,T
= \/E nl(dZI)eXp[— 2 5 2 nl(le)eXp _O-t,Tz . t22
62
L,
=n1(d22)eXp - exp(—O'[’Tzdzz) . (9.5.182)
2
O-t,T2
Gtz,n ln[SanTl,—(r—q')BTI,TP—(r—rS)/ Xu} 2
_Jﬁ@ﬂwp— j exp =0, , -
X
"S5 8 ()
10T ~(r=4) T T Ty~ (r=8)
Substituting
7
—CO,|S,t,T,T,
8d22 D( 1 2)
11, d (S)+Gt —lp(l d (S)+c7[ )
—11SB_B 1N CU[ - ‘Tl} < ”[ 2 ’Tz] Xy n,(d,,)-(9.5.183)
CcURnT T LU 2 S B B 1\"22
\/1—(ch) R R AN
11.d (S)—l;n d, (s)
_lClUXUBt,TZ,rlUNl S < Z 2 nl(d22)
Jl—(%p)
Rearranging and cancelling terms,
7
—COo,(S.t,T,T.
8d22 D( 1 2)
lClU[dZI(S)+Gt,T J—ch(lU[dzz(SHO'[T })
Nl 1 72
2 . S5.184
\/1—(lcp) (9.5.184)
= lCXUBt,T2,z~n1 (dzz)
-N lclud21(S)_lcpludzz(S)
! 2
Jl—(%p)

Thus,
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iCOD(S,t,T T,)

adzz 1’72
[dZI(S)+ot,TI]—p:d22(5)+0ﬂ2]
Nkl ; . (9.5.185)
J1-p

= lCXUBt,TZ,rnl (dzz) -

—NltL1 dzl(‘S:/)_pdzz(S)

1| "C'U
1-p°

Note

d,, 0., —p(d22 +O-”Tz) d, — pd,, + O, — P9,

J1-p° Ji-pt 1I=pt

(9.5.186)

and recall p= L
4T,

QED

Selected Results

<< code needs to be audited >>

Sensitivity to underlying instrument

Compound option value sensitivity to the underlying instrument
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Values

Put on Call Option Values and Boundaries
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F
2
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R code for analytic delta. Very difficult to derive, hard to code, but runs fast.

# CO Delta
CODelta <- function(C, L, U){
with (C, {
r <- r/100
d <- d/100
q <- g/100
v <- v/100

B2d <- exp (-d*TU)

B12Ng <- exp(g* (TU - TC)
Bl2g <- exp (-g* (TU - TC)
B2r <- exp (-r*TU)

Blr <- exp(-r*TC)

Blg <- exp(-g*TC)

Bl12d <- exp(-d*(TU - TC))
dll <- Ccodll(Cc, L, 0U)

— —
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d21 <- CcO0d21(C, L, U)
dl2 <- C0dl2(C)
d22 <- C0d22 (C)

meanl <- rep(0,2)

lowerl <- rep(-Inf,?2)

corrl <- diag(2)

corrl[lower.tri(corrl)] <- iC*sqgrt (TC/TU)

corrl [upper.tri(corrl)] <- iC*sqgrt (TC/TU)

upperl <- c(iC*iU*d11,iU*d12)

N2d11d1l2 <- pmvnorm(lower=lowerl, upper=upperl, mean=meanl, corr=corrl) [1]
Delta <- iC*iU*B12Ng*B2d*N2d11d12

# Delta <- iC*iU*Blg*B12d*N2d11d12

return (Delta)
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R code for numerical delta: Much easier to code, but takes longer to run and may be unstable.

#
# Numeric Greeks
#
# Compound option delta
CONGDelta <- function(C, L, U){
with(C, {
# Increment <- 0.01
Original <- S
Change <- Increment*Original
High <- Original + Change
C$S <- High
OHigh <- COValue(C, L, U)
Low <- Original - Change
C$S <- Low
OLow <- COValue(C, L, U)
C$S <- Original
Answer <- (OHigh - OLow)/ (High - Low)
return (Answer)
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Module 9.5: Static Risk Measures Geometric Brownian Motion-Based Compound Option
Valuation Models
Learning objectives
Module overview
Compound option valuation model
The Greeks
Delta
Gamma
Theta
Vega
Rho
Important lemmas
Lemma 1: Leibniz integral rule for double integral applied to bivariate normal
Lemma 2: Compound option partial with respect to dz1
Lemma 3: Compound option partial with respect to dz2
Compound option delta proof
Compound option gamma proof
Compound option theta proof
Compound option vega proof
Compound option rho proof
Validation of partial differential equation
Lemma 1: Leibniz integral rule for double integral applied to bivariate normal
Example: Bivariate standard normal cumulative distribution function
Lemma 2: Compound option partial with respect to d;
Lemma 3: Compound option partial with respect to d»;
Selected Results
Sensitivity to underlying instrument
Compound option value sensitivity to the underlying instrument
Compound option delta sensitivity to the underlying instrument
Compound option gamma sensitivity to the underlying instrument
Compound option theta sensitivity to the underlying instrument
Compound option vega sensitivity to the underlying instrument
Compound option rho sensitivity to the underlying instrument
Sensitivity to volatility
Compound option value sensitivity to volatility
Compound option delta sensitivity to volatility
Compound option gamma sensitivity to volatility
Compound option theta sensitivity to volatility
Compound option vega sensitivity to volatility
Compound option rho sensitivity to volatility
Sensitivity to option yield
Compound option value sensitivity to option yield
Compound option delta sensitivity to option yield
Compound option gamma sensitivity to option yield
Compound option theta sensitivity to option yield
Compound option vega sensitivity to option yield
Compound option rho sensitivity to option yield
Sensitivity to compound option maturity
Compound option value sensitivity to compound option maturity
Compound option delta sensitivity to compound option maturity
Compound option gamma sensitivity to compound option maturity
Compound option theta sensitivity to compound option maturity
Compound option vega sensitivity to calendar time
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Compound option rho sensitivity to calendar time
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