Module 8.5: Static Risk Measures
Geometric Brownian Motion-Based
Compound Option Valuation Models

Learning objectives
e Explore static risk measures related to GBM compound options
o [llustrates the complex task of finding analytic Greeks
e Highlights ease of using numerical Greeks

Executive summary

In this module, we introduce various static risk measures related to geometric Brownian motion-based
compound option valuation models (GBM-COVM). We examine the sensitivity of the compound option
values and Greeks to changes in selected underlying parameters. In the quantitative finance materials section,
we review the valuation model and derive several Greeks. Finally, we conclude this module with a brief
contrast between numerical and analytic Greek computations.

Central finance concepts

Our focus here is on the sensitivity of the GBM-COVM Greeks to changes in selected underlying
parameters.

Selected Results

We provide numerous plots related to static risk measures available within the compound option framework.
Specifically, we explore the sensitivities to the underlying instrument, underlying volatility, option yield, and
passage of calendar time.

Sensitivity to underlying instrument

We now provide numerous plots related to compound options sensitivity to the underlying instrument value,
the stock price in this example. In Figure 8.5.1 we see the call on call value rises with the stock price. As the
underlying call value rises so does the call compound option on the underlying call option. The put on put
value also rises with the stock price. As the underlying stock price rises, the underlying put value falls. The
corresponding put compound option rises because the underlying put value falls.
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Figure 8.5.1. Compound Option Value Sensitivity to the Underlying Instrument

Call on Call Option Values and Boundaries Call on Put Option Values and Boundaries
- B n
@ - 0 CoC +
Z A CoC ound ‘4
+  CoC Upper Bound +
2 *e
g o, +,
s +,
e °, +
S ‘s 4
s . s +,
E] ERE S,
s ) *,
s, i,
B _ o, +,
Bl 2, acs
4
o, s
e s, - + M“NNWN
e 2300, T SOV
o | ssessssssssssibtbibisananss - “ienssey IOINIIRIPITIPrTTPretresy
T T T T T T T T T T T T T T
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Stock Price Stock Price
U0=20.46 XU=100, r=5. ¢=0. d=5. TU=5, TC=1. Vol=30 U0=20.46 XU=100. r=5. a=0. d=5. TU=5. TC=1. Vol=30
Put on Call Option Values and Boundaries Put on Put Option Values and Boundaries
8 i
o,
° o, “m“m»...m
" . B ey
o A -
2 000"
F -, : =4
= = o c]
= o’ =
“ s “w o
Parameter N .
9 PoC value W e e 2
o | ¥ Foc Uhpe bound o | sacsssasassssssnsenansiifisnsasse " H
T T T T T T T T T T T T T
0 50 100 150 200 250 300 0 50 100 150 200 250
Stock Price Stock Price
U0=20.46 XU=100, r=5. a=0. d=5. TU=5, TC=1. Vol=30 U0=20.46 XU=100, r=5, q=0. d=5, TU=5, TC=1. Vol=30

Both the call on put and put on call decline with increases in the stock price. Note that as the stock price
rises, then the underlying put value fall and hence a call on the underlying put also falls. Also, as the stock
price rises, then the underlying call value rises and hence a put on the underlying call also falls.

Figure 8.5.2 presents the compound option delta sensitivity to the underlying instrument. For the call on
call, the pattern of delta is like a plain vanilla call delta except the upper bound does not converge quickly to
1.0. For the call on put, the pattern of delta is like a plain vanilla put delta except the lower bound does not
converge quickly to —1.0. Both the put on call and put on put have unusual delta patterns when compared to
plain vanilla options. The put on call delta reflects the negative sensitivity to the underlying instrument
whereas the call on put delta reflects the positive sensitivity. The put on put delta sensitivity is like a plain
vanilla gamma and seems to reflect the lognormal distribution.
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Figure 8.5.2. Compound Option Delta Sensitivity to the Underlying Instrument
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Figure 8.5.3 presents the compound option gamma sensitivity to the underlying instrument. For the call
on call, the pattern of gamma is like a plain vanilla call and put gamma also reflecting the positive skew in
the lognormal distribution. For the call on put, the pattern of gamma is somewhat like a plain vanilla gamma
but is clearly distorted. Again, like delta, both the put on call and put on put have unusual gamma patterns

identical in magnitude.
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Figure 8.5.3. Compound Option Gamma Sensitivity to the Underlying Instrument
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Figure 8.5.4 presents the compound option theta sensitivity to the underlying instrument. As expected,
when the compound option value tends to zero, then the theta also tends to zero—low stock prices for call on
calls and put on puts and high stock prices for call on puts and put on calls. For deep in-the-money
compound options, the theta is reflecting the behavior of the lower boundary. For example, the underlying
call option theta for deep in-the-money options is negative. Further, the compound option present value of
the strike price also has a negative impact, thus the overall effect is negative for deeper in-the-money call on
calls. For put on puts, the underlying put option theta for deep in-the-money options is positive. Further, the
compound option present value of the strike price also has a positive impact, thus the overall effect is
positive for deeper in-the-money put on puts. For call on puts, as the stock price declines the underlying put
is deep in-the-money and hence has a positive theta. The influence of this positive theta more than offset the
negative influence of the compound option strike price.
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Figure 8.5.4. Compound Option Theta Sensitivity to the Underlying Instrument
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Figure 8.5.5 presents the compound option vega sensitivity to the underlying instrument. Recall, plain
vanilla vegas are not sensitive to boundary conditions once the option is sufficiently deep in-the-money
because volatility is assumed not to influence the underlying instrument value and volatility does not
influence the present value of the underlying strike price. Similarly, at the extremes, compound option vegas
converge to zero. The assumed lognormal distribution is clear in these figures, particularly call on put vegas.
Recall an increase in volatility increases option values; hence put on calls and put on puts vegas are negative.
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Figure 8.5.5. Compound Option Vega Sensitivity to the Underlying Instrument
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Figure 8.5.6 presents the compound option rho sensitivity to the underlying instrument. Recall, plain
vanilla call rhos are positive and range from 0 to 1 whereas plain vanilla put rhos are negative and range

magnitude. Put on calls and put on puts appear to reflect the lognormal distribution.

Figure 8.5.6. Compound Option Rho Sensitivity to the Underlying Instrument

Rho

Rho

0.0

-0.6 -0.4 0.2

-0.8

Call on Call Rho

T T T T T T T
0 50 100 150 200 250 300

Stock Price
U0=20.46 XU=100, r=5, q=0, d=5, TU=5, TC=1. Vol=30

Put on Call Rho

0 50 100 150 200 250 300

Stock Price
U0=20.46 XU=100, r=5, g=0, d=5, TU=5, TC=1. Vol=30

6

Rho

Rho

0.2 04 0.6 0.8 1.0

0.0

Call on Put Rho

T T T T T T T
0 50 100 150 200 250 300

Stock Price
U0=20.46 XU=100, r=5. q=0. d=5, TU=5, TC=1. Vol=30

Put on Put Rho

T T T T T T T
0 50 100 150 200 250 300

Stock Price
U0=20.46 XU=100, r=5, q=0. d=5, TU=5, TC=1. Vol=30

© 2023 Robert Brooks. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Sensitivity to volatility
We now provide numerous plots related to compound options sensitivity to underlying instrument volatility.
Namely, we vary the relative volatility of the underlying instrument based on geometric Brownian motion.
Given the sheer number of figures presented below, we offer them without commentary.

Figure 8.5.7. Compound Option Value Sensitivity to Volatility
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Figure 8.5.8. Compound Option Delta Sensitivity to Volatility
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Figure 8.5.9. Compound Option Gamma Sensitivity to Volatility
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Figure 8.5.10. Compound Option Theta Sensitivity to Volatility
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Figure 8.5.11. Compound Option Vega Sensitivity to Volatility
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Figure 8.5.12. Compound Option Rho Sensitivity to Volatility
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Sensitivity to option yield
We now provide numerous plots related to compound options sensitivity to option yield. The compound
option model presented here is unique in its ability to handle cash flows related to the underlying option.
Given the sheer number of figures presented below, we offer them without commentary.
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Figure 8.5.13. Compound Option Value Sensitivity to Option Yield
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Figure 8.5.14. Compound Option Delta Sensitivity to Option Yield
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Figure 8.5.15. Compound Option Gamma Sensitivity to Option Yield
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Figure 8.5.16. Compound Option Theta Sensitivity to Option Yield
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Figure 8.5.17. Compound Option Vega Sensitivity to Option Yield
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Sensitivity to compound option maturity
We now provide numerous plots related to compound options sensitivity to option maturity measured by the

passage of calendar time. Namely, both the compound option and underlying option maturity declines. Given
the sheer number of figures presented below, we offer them without commentary.
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Figure 8.5.19. Compound Option Value Sensitivity to Compound Option Maturity
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Figure 8.5.20. Compound Option Delta Sensitivity to Compound Option Maturity
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Figure 8.5.21. Compound Option Gamma Sensitivity to Compound Option Maturity

Call on Call Gamma

0.025

Gamma

000000000000099909°°
60000000000

T T T T T
0.0 0.2 04 0.6 08

Passage of Calendar Time
U0=20.46, S=100, XU=100, r=5, ¢=0, d=5, TU=5, TC=1. Vol=30

Put on Call Gamma

Gamma
0.015  0.020  0.025
| | |

0.010
|

2000000000000909°

0.005

T T
0.0 0.2 04 0.6 0.8

Passage of Calendar Time
U0=20.46, S=100, XU=100, r=5, q=0, d=5. TU=5, TC=1, Vol=30

Gamma

Gamma

0.010 0.014 0.018

0.006

0.006 0.010

0.002

Call on Put Gamma

Figure 8.5.22. Compound Option Theta Sensitivity to Compound Option Maturity

Call on Call Theta

&
s =
2
(=

"

a4

aua°°”°°°°
2 m,,aeomman-"""’“w
v T T T T T
0.0 0.2 0.4 0.6 0.8
Passage of Calendar Time
U0=20.46, S=100, XU=100, r=5. ¢=0. d=5, TU=5, TC=1. Vol=30
Put on Call Theta

2

"
s o
3 | oo
2 00°
= 000°°

&4 000"

= et

[ e

T T T T T
0.0 0.2 04 0.6 0.8

Passage of Calendar Time
U0=20.46, S=100, XU=100, r=5, ¢=0, d=5, TU=5, TC=1. Vol=30

© 2023 Robert Brooks. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Theta

Theta

14

0.6 0.7 0.8 0.9 1.0

05

0.8 0.7

-0.9

-1.0

o
o
oo’
oo*”
"mom"""“m
uoneaosnouooaeonuovnaeuooa°°""°°
T T T T T
0.0 0.2 04 0.6 0.8
Passage of Calendar Time
U0=20.46, S=100, XU=100, r=5, ¢=0, d=5, TU=5, TC=1, Vol=30
Put on Put Gamma
mmmmm.moow"
+000000000003000000000920°°°
T T T
0.0 0.2 04 0.6 0.8
Passage of Calendar Time
U0=20.46, S=100, XU=100, r=5. a=0. d=5. TU=5, TC=1, Vol=30
Call on Put Theta
auauncaunauooauooanag
00000000,
%
T T T T T
0.0 0.2 0.4 0.6 08
Passage of Calendar Time
U0=20.46, S=100, XU=100, r=5. ¢=0. d=5, TU=5, TC=1. Vol=30
Put on Put Theta
29900000000,
m.,nmo.,oe.,m“
00000004,
%0004,
000,
m%%a
%

T T T T T
0.0 0.2 04 0.6 0.8

Passage of Calendar Time
U0=20.46, S=100, XU=100. r=5. =0. d=5. TU=5, TC=1. Vol=30




Figure 8.5.23. Compound Option Vega Sensitivity to Calendar Time
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We now take a deep dive into the mathematical details of the GBM-COVM Greeks.
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Compound option valuation model
Recall the compound option pricing model (CO) observed at time t under geometric Brownian motion based

on an underlying instrument ( S ) with the compound option exercise price ( X.) expiring at time 2 ( 7;) and

the underlying option exercise price ( X, ) expiring at time 1 ( 7, > T;) can be expressed as

CO<S’t’Tl’T2’lc’lU) = lClUSIBt,TZ,éBT],TZ,—qu (lcludn’lUdlz;lcp)

, (8.5.1)
_lClUXUBt,TZ,rBTI,TZ,—éNZ (lClUdZI ’lUdzz;lcp) - lCXCBt,Tl ,rN(lClUdZI)
where indicator functions denote
- +1 if compound call option and (8.5.2)
C . .
—1 if compound put option
L = +1 .1f underly.mg call opt'lon ‘ (8.53)
—1 if underlying put option
Recall a default-free, zero coupon, $1 par bond be expressed as
—x(7-
B, =, (8.5.4)
and the bivariate cumulative standard normal distribution
expd— le - 2p21222+ Z;
T )
N,(abip)= ] | dz, dz, . (8.5.5)

b 27z\/ 1-p’
Using a generic time to maturity, 7, the periodic standard deviation are

0, = oNT —t. (8.5.6)

The correlation coefficient used in the bivariate distribution is

p= , (8.5.7)

and thus

Ji-p* = L% (8.5.8)

T,—t
Let S; be defined such that underlying option is at-the-money or
lUS; BTI,Tz,ﬁ—(}Nl (lUdl*,Tl,Tz )_ lUXUBTI ,TZ,H;NI (lud;,rl 1 )_ XC =0, (8.5.9)
where
* 2
In SiBrr-0 _ %5,
* XU 2’
dyrr = , (8.5.10)
142 o
S o’
Inl 25 1.7, ~(r—6) 40T
* XU 2 «
dipr = - =d,, , +0, . and (8.5.11)
T,
16
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2

Nl(d)zj%dx. (8.5.12)

Let dj; denote the upper bound of the bivariate normal cumulative distribution function where i = 1, 2 denotes
whether the volatility term is added (i = 1) or subtracted (i = 2) and j = 1, 2 denotes whether the evaluation is
S*atTi(j=1)or Xyat T» (j = 2). We define

In Sth,Tl,—(r—ﬁ) _ O-tz,rl
S, 2
d, = 1 : (8.5.13)
o,
| 5 tBrfl;—(r—é) N o
S, 2
d, = - =d, +0,, (8.5.14)

= ,and (8.5.15)

=d_+0 .. (8.5.16)
G% 2 4T,
We now turn to identify the analytic Greeks. The related proofs will be details later in this chapter should
you wish to understand one method to solve for them. An effort was made to be as transparent as possible,

although every step is not explained in detail.’

The Greeks
Recall the value of the compound option can be expressed as an indirect function of the underlying
instrument S as

co,=Co,,..[0(s.1).t] (8.5.17)
where the underlying instrument is embedded in the underlying option 0<S, t). The value of the compound

option can also be expressed as a direct function of the underlying instrument S as

C0,=C0,, (5.1). (8.5.18)
The underlying option is clearly a direct function of the underlying instrument and is expressed as
0=0(S.t). (8.5.19)
Note the value of the compound option remains the same regardless of how it is represented or
€0, 0(8.1).t]=CO,(5.1)- (8.5.20)

We approach the Greek derivations assuming the compound option is a direct function.

Delta
The compound option delta is

9CO,(S.1.7,.T;)
co, = . oS : :lClUBt,TI,qBTI,TZ,éNZ (lClUdll’lUdlz;le)’ (8'5'21)
'See Brooks (2019) for more details.
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and the underlying option delta is

90(S.1.T,)
Aosigs 2 =lUBt,T2,6—qN1(lUd1)' (8.5.22)
Gamma
The compound option gamma is
9°CO,(S,1.T,,T,)
cop, ~ 9S>
, (8.5.23)
— ”TM?BTpTzﬁ Nl dlz_pdn nl(dll)_H Nl dll_deZ nl(dl2)
S 1| U 2 c 1| CU 2
t \/1_ p O-t,T1 \/1_ P O-t,T2
and the underlying option gamma is
_P0(5:4T)_Bisiil®) (8.5.24)
9 as® 50,
Theta
The compound option theta is
J
Oy, EECOD(S,t,Z],];,lC,lU)
o d,—pd, | n(d,) d,-pd, || n(d,)
=———SB B N 12 11 N7y N 11 12 1\"12
5 PPt 1 L \/1_,02 o V| L, \/l—pz o, .(8.5.25)
+lClUéStBt,Tl ,z}BTl ,T2,6N2 (lClUdll’lUdu;le)
_lClUrBt,TZ,rXUNZ (lClUdZI’lUdZZ;le) - lCrBt,Tl,rXCNl (lCdZI)
and the underlying option theta is
_90(S,1.T,)
° ot
=1,(6-4)S,B, N(1,d,)-1,(r-4)XB_,N(1,d,). (8.5.26)
0’S B, .
0 (g
20 ( 1)

It is important to note that we can ignore t embedded within rho. Rho is assumed constant as an input
parameter once computed.

Vega
The compound option vega is

I d.—pd
\/Tl_tNl lulzﬁppz“ nl(dll)

ST, T 0001, )=5S,8,, ;B . (8.5.27)

st taterty 10,071~
d.—pd
11 12
+1,T,— N | 1.1, L2 |n,(d,,)
J1-p

0
gco(

and the underlying option vega is

Vo = g—g = SBt,TZ,Sn(dl) vV Tz —t= XBI,TZ,rn(dZ) Tz —1. (8.5.28)

18
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Rho
The compound option rho is

aiCO(S,t T.T,,1..,1 )=l 1.B._ B (Tz—t)XUNz(l 1.d 1 dzz;lcp)

shpsdaysteoty cuUT21°'U

r CUTEL T e , (8.5.29)
+1.B,, (T, =1) X N(1.,d,,)
and the underlying option rho is
20
Po=7"=t X(1,-t)B,, ,N(1,d,)- (8.5.30)

Prior to working through the details of the Greek proofs, we will rely on several lemmas.

Important lemmas
We rely on the following lemmas for deriving the Greeks. Proofs for these lemmas follow the derivations of
the Greeks.

Lemma 1: Leibniz integral rule for double integral applied to bivariate normal

Assuming N_| alx),b(x);p | is a standard bivariate normal cumulative distribution function, then
g 2 ) 5p

sz[a(x),b(x);p] _ sz[a(x),b(X);p] db(x) N sz[a(x),b(x);p} da(x). (8.5.31)

dx db(x) dx da(x) dx
Lemma 2: Compound option partial with respect to dz;
J
—COo,(S,t,T,T,))=0, 8.5.32
adzl D ( 1 2) ( )
and
a]\]2(lClUCle’an’lZ;lCl)) _ aNZ (lClUdll’lUdIZ;le)
= . (8.5.33)
ad,, dd,,
Lemma 3: Compound option partial with respect to d:;
J
—CO,(S,t,T,T,)=0, 8.5.34
86122 D ( 1 2) ( )
and
&NZ(lClUdll’lUdIZ;le) _ a]\]2(lClUdll’lUCJIZ;lCI))
= . (8.5.35)
ad,, dd,,
We now turn to sketch the proofs of the Greeks.
Compound option delta proof
9CO,(S.1.7,.T;)
o, = D oS 2/ = 1ty B,; By 1 5N, (l(,ludn ,lUdlz'l(,p). (8.5.36)
Proof: Note based on Equation (8.5.1), we have
J
B co, (S’t’Tl Tlesly ) = lClUBt,Tl,t}BTl,Tz,ﬁNZ (lcludl I ’ludlz;lcp)
S B J N d.d.; (8.5.37)
Ty, LTG0 T T8 % 2 (lclu ly 12’lcp) -
d ] d
_lClUXUBt,TZ,r 0-)_SN2 (lclUdzl’lUdzzﬂlcp) - lCXCBt,Tl,r 8_SN1 (lcd3)

Based on Lemma 1 (Leibniz integral rule), we have
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IN,[1.1,d,,(8).1,d,,(5);p]

CU11 U 12 >
as
,  (8.5.38)
_ dN, [lcludn(‘s)’ludlz (S)Qlcp] 0—’d11(S) N dN, I:lClUdll (S)’ludlz (S);lcp] adlz(S)
9d_(S) Js 9d,,(S) Is
and
8]\]2 I:lClUdZI (S)’lUdZZ (S)’p:l
s
. (8.5.39)
_ IN, [lClUdzl (S),lud22 (S);lcp] dd,,(S) + IN, [lcludzl (S)’ludzz(S);le] 9d,,(S)
Jd, () Js dd,,(S) Is
Also, from the standard normal cumulative distribution function, we note
N, (1cdy) N, (1.d,)9d,, (8.5.40)
as dd,, a8
Substituting
d .
xCOD (S,t,T]aTz) = lclUBt,Tl,qBTl,Tz,éNz (lClUdll’lUdIZ’le)
IN,[ 11,4, (8).1,d,,(8)iiep ] 9, (5)
<5 5 ad, (S) N
oy SB 1B s
U T, +8N2[zClUd“(S),lUdlz(S);le] ad,(s)
ad,,(S) N
(8.5.41)
IN, 101, (8).,d,, (S)s1ep ] 9a, (5)
ad, () N
—1, X, B, ,
; é)NzI:lcludzl(S)’ludzz(S);lcp:I ad,,(S)
d,,(S) N
T dd, aS
Recall
d =d, +0,, and (8.5.42)
d,=d, +0,,. (8.5.43)
Thus
9dy, 94y 4 (8.5.44)
Js dJS
9d, _9d,, (8.5.45)
as JS
Substituting these derivatives
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2 co, (8.,

T,T
as

1272

+11.SB_.B

cuPiPin gt ,8

N, [1c1,d,,(8).1,d,, (S)1ep ] 9d, (5)

):LtB .B

N

cuPingonnet 2

(lcludn ’ludlz;lcp)
IN, [ 11,4, (8).1,d,, (S)iiep ] 9a ()
ad,(S) N
N, [1c1,d,,(8).1,d,,(S)tp ] 9a(5)
ad,,(S) N

+

(8.5.46)

-1, X, B

ctvtuPur,r

ad,, (S) s

IN, 101, (8).1,d,, (S)ep ] 9a ()

+

-1.X B

(G Chl &V

Rearranging

d

50, (8.t

T..T,)

>T1PT2

lClUStBt,Tl,‘BTl,TZ,é
.\ ad, () !
as

-11.X B

o'?Nl(z d

Cc21

dd,

=11 B _ .B

cUPnr g, 80 2

ad,,(S) s

)od,,
Js

1

N(lld

cuUT1?

lUdIZ;le)
IN,[1.1,d,,(8).1,d,,(8):1.p]

8N2|:l v.d (S),.d (S);ch:l

ad,(s) (8.5.47)

cUT21 U22 Cc721

8N1(1 d )

CU UL

11 SB_.B

CUTt7 .4 1.1, .0

s ad,,(S)

as
-1, X B

- lC CTLnr ad

21

ad, ()
8N2[L,l d (S),.d (S);lcp}

cuTn U712

ad ,(S)

8N2[t 1,d,, (S),1,d (S);lcp}

cU 21 >UT22

cutuinr

Note based on Lemma 2,

8N2[l 1.d (S)1,d (S);lcp]_&N2[l 1.d (S)d (S)

>TUT12

CUTll

ad,(S)

1.0 ]

cCUll 2TUT12

and (8.5.48)

ad, (S)

t1.SB_ B

ad, ()

BNz[z 1,d,, (8),1,d (S);ch]

CUll U112

CUTr 1L, 1.6

cUT21

8N2[1 1,d, (8),1,d (S);ch]

ad, ()

2UT22

N, (1.d,,)

Cc21

J
= 0_)7CO(S,t,

22
And based on Lemma 3,

T,.T,)

1°72
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—AD r,

(8.5.49)

ad,,(s) ad,,

0

21



8N2(l 1,d,, (8),1,d (S);lcp)

lClUSlBl,T],qBTl,nK; — I;)d E;) =
‘ ( (s) 12 (s) ) (8.5.50)
IN (t.1.d \S)t.d (S)i.p 0
~1.1, X, B nev A v2 0o 2 Co(8,t,T.T,)=0
CU UL 3d22(S) adzz ( 1 2)
Therefore,
d
550 (S.6.7,.1,)=1.4,B,, B, . 5N, (1:2,d,,,1,d,,51.p). (8.5.51)
Compound option gamma proof
N [l dlzpdn}nl(dll)
1 U
_PCONSATT) _BuiBias Vi=p* ) o (8.5.52)
co, ~ 95> - S ’ o
! N du_pdlz nl(dl2)
TN Ll \/1 pz o
- t,T,
Proof: Note based on Equation (8.5.51), we have )
9°CO,(S.1,T,.T,) J
0, = Da52 vl oy Bthl‘éBTpTzﬂ&gNz(lClUd”,lUdlz;le). (8.5.53)
Based on Lemma 1, we have
&Nz[zclud”(S),szn(S);lcp]
S
. (8.5.54)
N[ 14,4, (8),1,d,,(S)ep ] 9d, (5) LN, [1c1,d,(8).1,d,,($)s1.p] 9 (5)
ad,(S) IS ad,,(s) PR
Thus
8N2[zClUdH(S),lUdu(S);ch} ad ()
ad, (S) s
r., =11,B,.B . , (8.5.55)
o CUREEE N [14,d, (8).1,d,,(S)it.p ) 9d(S)
+
ad ,(S) s
and recall
2
ln[St t,]"l,(rtj)]+0t7"l
: 2
L
d, = =d,+0,,, (8.5.56)
O,
dd, _ 1 _dd, (8.5.57)
Js  So,, IS’
ln[ 8B, 1 —r-3)Br 1, -6 J N Gtz,rz
X 2
d. = < =d_+0 . ,and (8.5.58)
12 22 1T,
O-t,TZ
dd, 1 _09dy, (8.5.59)

JS So, IS
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Note
JN I:l t.d (S),U 12(

);lcp]_z?N [lld (8),1,d,(S);

] 8[1C1Ud” (S)]

cu®n ctvn >y
ad (S) d11,d (5) ad, (S)
11 ctutn
104,d,,(S)
:lclu# N1 w n](zz)dzz
(9[1C1Ud“(S)] s _<lcp>
_ , (8.5.60)
:lClUN] lUd12( CplClUdll(S) I:ClUdH(S)]
Tt
S d
=1.1,N, e 12(\/)1_/)1” (5) [zClUd“(S)]
and also )
IN,[14,d,(8).1,d, (S)s.p] N, [1,d,(8).1,d,(S)u.p]1,d,(S)
ctv%n U12 k] cv%n v%12 c v%12
ad_(S) d1,d (5) ad ()
12 U 12 12
1,d,,(8)
f N, t,d,, (S)-1 2l (2,) e, (8.5.61)
U 12 —oo \/1 Cp
=lUN1 lclUdll( ) plUd]z( ) nl[ludn(S)]
\/1—(ch)
Thus,
IN [lClUdll(S) Ly 12(S) lcp]O—)d ( )
- 5 g ad, (S) IS
Ex ',
Cco, CUTLT,q 1.T,,0 8 I:lClUdll(S),U 12( )’ Cp]ad ( )
+
ad,,(S) PN
{l d (8.5.62)
lClUNl U\/iu 11 [lcu 11]
1
- lClUBtT qBT 7,.0
+lUN1 lClUdll plUdIZ [lU 12:|
_(l p) SO‘
c
Therefore,
B - d d
FC()D_ Lh.q 10,6 N1 1, d12 pd211 nl( 11) 1.1, pdn ( 12) ] (8.5.63)
‘ \/l—p O.r \/1 O,
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Compound option theta proof

© zicoD(S,z,T T, 0ty )

o, = ¢ raotes
2
__0 d,—pd,, ”1(d11> d,—pd, ”1(d12)
__TS’B’ﬂ,l}Bﬂ’Tzva N] lU \/1_p2 O't’T _lCN] lclU \/l—pz O-t,T . (8564)
+lCquAStBt,TI,(§BT],T2,5N2 (lClUdll’lUdlz;le)
1B, X.N,(1.d,)

—LIB, c%a1

_lClUrBt,Tz,rXUNZ (lClUdzl,lUd22;le>
Proof: There are several variables that are a function of calendar time t. Note if
B =), (8.5.65)
then
Ip el xB,, .. (8.5.66)
Recall from Equation (8.5.1),
COD(S,t T,T 1.1 )=l t.SB_.B._ .N (l 1.d 1 dlz;ch)

e tatert cuPrPun gt nnst 2 \fctutitu

(8.5.67)
_lClUXUBt,TZ,rNZ (lcludzl ’lUdZZ;le) - chth,T1 ,er (lCdZI)
Thus,
P) P .
ot co, (S’t’Tl Tlealy ) = lcluStBr,TI ,qBT, 7,0 ENz (lcludl 1 ’ludlz’lcp)
. J
+lClUStBT, ,r2,5N2 (lcludn’ludlz’lcp)EBz,r],q (8.5.68)

L, X, N, (10, d,,.1,d ’lcp)%B%r

cuUuu cuT21°U 222

d
-1 X B —Nz(z 1 dZI,lUdzz;le)—l

CU UL at CcU
d d
_lCXCBt,Tl,rENl(lCdZI)_lCXCNl(lCdZI)EBt,TI,r

We now work with each partial derivative with respect to calendar time (numbered in order of appearance in
the equation above). Based on Lemma 1, we have

(1) iN (l Ld 1d 1 ,0)= aNz(lclUdn’lUdlz;lcp) 8(lcludn)_'_aNz(lcludll’lUdlz;lcp) a(ludlz)‘(8.5‘69)
O’)t 2\"cuT11>uTr12°"C &(lClUdll) 0’)t 8(1Ud12) at
Note
_ -
h{S, uTl,—(r—q")]+ O
a(lClUdll) =11 8dll =11 ST1 2
ot Ut Vot o,
_ - _ -, (8.5.70)
S . 2
In| — (+|r—g+— (Tl—t)
L 0 STI 2
CcCU 0’)t O'\/Tl —¢
Let i i
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A(z)zln[g—;J+[r—4+%2j(Tl—z), (8.5.71)

then
P, . o’
EA(t):_[ _q+7], (8.5.72)
and
B(t)=0T,-t, (8.5.73)
then
0 d -1/
2 8(1) =201, - =%(Tl—t)12=2 Z_[. (8.5.74)
Therefore, ] ]
62
In| L |{+|r—g+— (T —¢
a(lClUd“):ll n[ TIJ [r K 2](1 ) 1.2 M
ot Y G\/T;_t <Y 01| B(1)
I J _
B(t)—Alt)—Alt)=— B[t
=11 ()3’ ) <)9f ) . (85.75)
S —
_—ou/T—z r—(}+6—2 o m| 3|+ r—q+—2 (1,-1) o
: 2 S;. : 2T —t
:lClU GZ(TI t)
Reducing, ] ]
. o’
8(lclud”):zz —[r e )+ 4, | (8.5.76)
ot N oefr-r 21—

Following a similar approach,

1 [S‘B”Tp(ré)B T@-(r«%} o 2(T2 —t)
‘9(’Ud‘2)=l dd, _ 9 X, 2
ot Yot Yot 0\/T2 P
- ] (8.5.77)
r—c}+d—2
2 d12

:lClU - O'\/Tz_t +2(T2_t)
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Therefore, (note we can cancel the indicator functions)

2
' r—(}+]
&Nz(zclud”,szn,ch) ( 2 d,

J
—N, |\t d ,i..d. ;1.p|= — +
ot Z(CU 10ty cp) ad,, o-\/Tl—t 2<Tl—t)
(8.5.78)
2
r—q+-—
+8N2(lClUdll’lUdl2;le) _( 2 ]+ d12
ad,, o1t 2(T,-1)
2 %zc}B N (8.5.79)
ot eha
(3) iN (l 1 d 1 d ‘1 p):aNZ(lClUdZI’lUdZZ;le) 8(lClUd21)+&NZ(lClUdZI’lUdZZ;le) a(lUdZZ)(858O)
Jr vCvTaTRre 1.1,d,,) ot 1,d,,) ot
Note following a similar approach as above,
_ L
ln[ 5By tr-4) J _ O,
3(lClUd2])=ll ad, _ 9 Sy 2
ot Yoo “Yor o,
L 1, and (8.5.81)
. 0O’
r—q+—
=1.1,|— i + it
N oo(r-t) 21—
2
0T,
a(ludzz) =1 dd,, =1 9 ln(S’Bt’Tl’_("_q)BTl’TZ"("&)/XU)_
ot Yoot Yot o,
R . (8.5.82)
r—c}+6—
=1 2 + d22
Yoo 2T

Therefore, (note we can cancel the indicator functions)
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2
iN (1 r.d,.d,;l p)=aNZ(lClUd21’lUd22;lcp) _[r—q+7J+ dy,
ot veuTruTaie 3d21 G(Tl—l‘) Z(Tl—t)
(8.5.83)
2
-0+ —
+&N2(1C1Ud2],lUd22;le) _(r 75 }+ d,
8d22 G\/Tz_t Z(TZ—I)
aBtT r
“ — =B, (8.5.84)
62
-0+ —
i _ aNI(lCdZI)a(lCdZI)_ 8N1(lcd21) _[r I 2 J d21 858
&) atNl(lcdzl)— (9(lcd21) o Jd, O'\/T]—t +2(T1—t) (8.5.85)
aBtTr
(©) =B, (8.5.86)

Substituting these results into the original equation,
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ﬁcoD(S,tT T, 100, )

07t st tosterty
( 2)
r—q+-—
8N2(1C1Ud11,zud12;lcp) ~ 2 N d,
ﬁdn O-\/Tl_t Z(TI—I)
=lClUStBt,Tl,qBTI,T2,5 )
r—q+—
+8N2(lclUd11’ludlz;lcp) _[ 2 j+ d12
ad, or,-1  2(7,-1)
+lClUStBTl,T2,5N2(lClUdll’lUdlz;le)éBt,Tl,é
( 2]
r—q+—
8N2(lClUd21,lUd22;lcp) ~ 2 . d,,
dd,, o(r,-1) 2(1-1)
_lClUXUBt,TZ,r 2
+8N2(lClUd21,lUd22;lcp) ~ 2 . d,,
dd,, o1, 2(7,-1)
—L:l, XN, (lcludzl ’lUd22;le)rBt,Tz,r
( 2]
r—q+-—
XB IN (1, )| 2 ), _dy , (8.5.87)
cCTT adzl O'\/T;—t 2(7;—1)

_chch (l d )rBt,T. -

C721
Rearranging to exploit Lemmas 2 and 3,
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0
ECOD(SJ,TNTZJCJU)

2
8N2(lclud”,ludl2;lcp) Lr—q+2] d,
2(1-1)

:lClUStBt,Tl,qBTI,TZ,S 2d - o\/T—t
11 1

2
r—q+-——
&Nz(lcludn’ludlz;lcp) [ 2 ] dlz

+11 SB . B +
cuRPPur Ot 1,6 &dlz 0'\/T2—l‘ 2(T2—t)

i 2
r—G+ o
X B aNz(lCludzvludzz;lcp) ( 2 ) d,,
—lly Ay 0T, od

21

2
r—é+j
i xB (9N2(1C1Ud21,1Ud22;sz) _( 2 d,,
cUT UL 8d22 O'\/Tz—t

+1.1,8 B, . N (lclUdn’lUdu;lcp)éBt,Tl,q (8.5.88)

cuPiPn et 2

_lClUXUNZ (lClUdZI ’lUdZZ;le)rBt,Tz,r

_chch (lCdZI )rBl,T],r

Substituting for d11 and d\, and related partials, we have
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iCOD(S,z,T T,000y )

07t 1°72°7C2*"U
0.2
F—g+—
8N2(lclud“,lUd12;lcp) 2 d, +0o\T —t
lClUStBtT 'BT 7,8 - +
P, TN T )
F—g+—
—J 1 X B 0—)N2(lclud21’lud22;lcp) _ 2 " dm
A V) o1 " 2(n-1)
62
r—q+—
IN, (10d,,) ") a
-1.X_B AL [ +——2
cTrCTLLr 07d21 O'\/Ti—[ 2(7—;—1)
r—q+-—
8N2(1C1Ud”,tud12;lcp) 2 d, +oT,~t
lClUStBtT 'BT 1,8 - +
g Ayt 0—)d22 O.\/Tz_t 2(]‘2_t)
+

-11.X B

dN, (lCLUdZI,szZZ;sz) ~ 2 d,

CUTTUTLL 8d

22

+1.1,8 B, . sN. (z 1,d ,t,d 'lcP)@B,,T,q

cuPrPn st 2 \fctuti tu e

-1, X Nz(l 1.d, 1 dzz;lcp)rBt,T,r

cu tu CcCUT21°U
_chch (lcdu )rBt,Tl,r
Note that
0_2
r—q+-—
2 d, +o,T —t
- +
oJr-t  2(5-)
and

r—A+G—2
o) aytofn -1

2

r—é—o-—z
2 d21 o
it}

N +2(T,—t)_2\/T

r—c}—a—z
2 d22 o

N (T )

P PR () R

(8.5.89)

(8.5.90)

(8.5.91)

Substituting these results, based on Lemmas 2 and 3, the remaining terms are (substituting back for d>; and

d»)
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aNz (lClUdll’lUdIZ;le)[ o J

d
ECOD(SJ,TI,TZ,lc,lU):—zClUS[Bt,TPqBTPTZ 5 = N
11 1_
SB B 8N2(lClUd11’lUd12;lcp) o (8.5.92)
Ly By 1 4P s ) . S,
4 2L, -1

lcquAS Bt,ﬂ,éBT] ,T2,5N2 (lcludl 1 ’ludlz;lcp)

t

_lClUrBt,TZ,rXUNZ (lcludzl ’ludzz;lcp) - lCrBt,T],rXCNl (lCdZI )

Recall
ON_ (vi.d ,id ;1 —
2(CU 11’12 CP)ZILN L M n(d )’ (8.5.93)
od cu'tl| v W 1\"11
11 -
and also
ON (vi.d ,id ;1 -
2(CU11lU 12 CP)ZIN llw n(d ) (8.5.94)
d vt'| fctu B 1\ %12
12 JI=p
Thus,
% d.,—pd o
—Cco, (St T.T,,t..1,)=—SB .. .B, .N|t 12— in(d || ——
ot D( 1°72°°C U) TR N i NN T R § B V) \/ﬁ 1( 11)[2\/EJ
d. —pd o
_lCStBt,Tl,z}BTI,TZ,SNl lclUnizlz nl(dlz) P (8.5.95)
1-p 2T, —t
lclU‘}SzBr,Tl,qBTl,Tz,aNz (lClUdll’lUdIZ;le)
_lClUrBt,TZ,rXUNZ (lclUdzledzz;lcp) - lCrBt,Tl,rXCNl (lCdZI)
And finally,
N1 dlz_pdn nl( 11)
1| ‘v
J o’ JI-p* )| 9
ECOD(S,I,Tl,Tz,lC,lU)=—7StBt,Tl’éBTPT2’5
I N1 dll_deZ nl(dlz)
c' V1| ‘c'u \/I—Pz Gt,T
+1.4,GS,B,; B, 5N, (1c,d,,1,d,31.P) (8.5.96)
—loly 7B, XN, (lClUdZI,lUdzz;lcp) —1.7B ;. X N, (lcdzl)
Compound option vega proof
d, —pd
T =N, 121 p211 1(d11)
a —
gCO(S,t,TI,Tz,lC,lU)zStB[’Tz’aBn’Tzré . (85.97)
d, —pd
+1.4/T,—tN, zCzU—“l l:)z” nl(dlz)

Proof: There are several variables that are a function of volatility, /. Highlighting this dependency, we have
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0 0
£C0<S’t’7—;’]—'2’lc’lu):lClUStBt,TZ,SBTI,TZ,—(}£N2|:l t.d (0') L.d (O');lcp:l

a cCU11 U I2a ’ (8598)
_‘clUXUBz,TZ,an,T2,—q £N2 [zCLUd21 (0'),1Ud22 (O');lcp]— ICXCBt,Tl,r gN[lCsz21 (6)]
Based on lemma 1, we have
oN, [zclud” (0'),1Ud12(0');lcp] ad,,
iCO(StTTz z):zzSB B od, Jo
Jo e coheR +aNz[lClUd“(O'),lUdlz(O');le:I adlz
ad,, Jdo
N, [lcludzl (0)’lud22 (G);lcp] ad,,
S XB. B o o . (85.99)
ctv vl P, - aN2[lClUd21<0'),lUd22(O');lcp] ad22
+
dd,, Jdo
<'9N[1C1Ua’21 (G)] od
~1.X.B 2L
R VR o
Rearranging to exploit Lemmas 2 and 3, we have
) ON,|t1.d |\o),t.d, (0);t.p|dd
%CO(SatanTzalcalU)zlclUS;B,,TZ,,sBT],TZ,fg 2[ c'u ”(ac)i”U 12( ) c :I a;
d d ;
—zclUXUBt,rz,rBT.»Tz-—é aNz[lClU 21(27% zz(G)JCP] aaciczl
21
d
~1.X.B,,, aN[lC;‘; ()] aa‘;zl ., (8.5.100)

21

+11, SB . .B aN2[lClUd“(G)’lUd12(G>;le] ad,,

CUR L 8T, g adlZ Jdo
YB B aNz I:lClUd21(o-)’lUd22 (O-);le] adzz
ey Ly [N g od Jdo
2
Based on Lemma 2
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d
o

ON, | 1:8,d, 54, d,551P ] 9d,
CO<S t Tl’Tz’lC’ )_lClUStBtT EBT T,.-4q l:c Ualclz - 12 Cp:l 80‘
21

v 5 OMlihdytdyie]od,
lclu UL, T~ 3d o
21
a]vl:lcu 21:|ad
cTrCTLLr ad21 ao'

+lClUSB I 5BT . aN2 I:lCl 11° U 123 CP] ad
2t - ad aG

11X B._ B aNz[lcl 21° Ud22’ cp] ad

CUT UL LT, g ad22 aa

od,, (d +"V ) 9y Tt and (8.5.102)

0o loloJ

d,, _ (d +0‘/—) vy (8.5.103)

do do do :
Substituting for these partials and rearranging, we have

: (8.5.101)

Note

aN I:lCU 11° U 12’ Cp:l
lClUStBtT EBTT —g ad
21

) % IN [lcu 21,lUd22;le]

—CO

S,t,T.,T 1,1
Jdo

st fasterty

-1, X B B

aa C U UL LT, —q ad21

% cof

a]vl:lCU 21:|
cTrCTLLr ad

21

oN, |1 , ;
yS.B, 1 5By r [CUalc} itcP ] . (85.104)
22

aG 11 X B B a]vlilCU 21’U 22’Cp]

CUT UL LT, —4 ad

+11.SB B a]\/vlilCUll’Ulz’ijll

CUT .0 T,,T,—q

+11 SB B aNI:lCUll’UIZ’Cp:II

CUTt 1,0 T,,T,~q

Again, based on Lemma 2 and 3, we have

d

a—CO(St lesly ) =1.4,S,B, , ;B an[l “’U”’Cp],/

’1’2’C’U CUTt 11,0 T,.T,

(8.5.105)

+11 SB B an I:l ll’lUdIZ’ Cp:l '

CUTt 11,0 T,.T,,

Note
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aN I:lCU 11° U 12’ Cp:l &N l:lClUdll’ U 12’ Cp:l 8I:lCU 11:'

0—)d11 &[lCU ll:I 8d11
9 b szlz ~1.pz,
L d.
CU&I:ICU 11] 1—(lCP)2 nl(z2) 5
- , (8.5.106)
=1.,N, L d, cplcludu (lcludn)
BT
d,—pd
=1.1,N, zUulfl;z“ ”1(dn)
and also
aN l:lCU ll’U 12’ Cp] &N l:lClUdll’U 12’ Cp] &I:lU 12:|
ad]Z 8I:lU 12] a(jIZ
lLdIZ
S ? |y tePa | (g (8.5.107)
Lwde] = i (p)
d —pd
=1, N, zCzU“T’;f n(d,)
Substituting,

0 d,—pd
$CO(S,ZT],T2,1C,1 )_lClUStBtT 5BTT -G lClUN] lulzl—pz“ nl(dll) \]Tl_t
(8.5.108)
d. —pd
+1.1,S B , ;B 1, N lz“ip‘znl(du) T,—t

CUttTﬁTTquCU 2
1-p

Therefore, the compound option vega can be expressed as

d,—pd
\/Ti_tNl Ly 12{ 3 nl(dll)
1_ 2
iCO(S,t,T],Tz,lC,lU):SB B,, . P . (8.5.109)

Jo L6 g
d.—pd
+lc\/T2_tN1 lclull—[—z12 nl(dlz)
- l_p -

Compound option rho proof

0
a_CO(S t’Tl’TZ’lC’ ) lClUBtT ;BTT q(Tz_t)XUN (lcludzl’ Ud22’ cp).

(8.5.110)
+lCBtTr(T )X N(lClUdZI)

Proof: There are several variables that are a function of the interest rate, 7.
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0 0
gCO(S’t’Tsz’lC’lU) = lClUStBt,T2,§BI‘1,I‘2,—q gNz I:lClUdll (r)’lUdlz (r);lcp}

0
_lClUXUBt,TZ,r (r) BTI,Ty-é 8_rN2 I:lClUdzl (V),lUd22 (r);lcp]
0
1.1, X, B, . N[ 14,d,(r)1,d,, (r);lcp]gBt’Tz,r(r) . (85.111)
0
_lCXCBt,Tl,r (r)gN[zCszﬂ (r)]

0
—lCXCN[lclucl21 (r)]g Btﬂm (r)
From lemma 1, we note
aNZ (lClUdll’lUdIZ;le) adll

iCO(StTTz L)—HSB B 9, or
ittty ) T Ut L 6 T L g .
or 1 +aN2(lClUd“,lUd12,lcp) ad,,
ad,, or
aNz (lClUdZI’lUdZZ;le) ad21
YB B ad,, or
ey Ay 0T, T Ty G
q +8N2<lclud21,lud22;lcp) dd,,
ad,, or
0
1y X, By o oN, (18, oty it p)E B,, . (85.112)
L XB aN(zCszZI) ad,,
crehr9d,, or
0
_lCXCN(lClUdN)a_rBt,TI,r
Rearranging to exploit Lemmas 2 and 3, we have
) aNz(lCl d,t dz;lcp) od
gCO(S’t’T;’TZ’lC’lU)=lClUStBt,T2,6BT],T2,—q‘ Uacll vl a;/l-l

11

aNZ (lClUdll’lUdIZ;le) adlz

1y S,B 5By od or
12
v NGy,
(G GRS i
' dd,, or , (8.5.113)
X B . B aNz(lClUdzl’lUdzz;le) 9d,,
—lly Ay [ et N A ad or
21
Y B B aNz(lClUd2l’lUd22;le) adzz
_lclu U=t L0 7~ ad or
2

o

-1.1. X B Nz(l t.d, ,1.d 'lcp)iB,,rz,r_chcN(l t.d )iBt

cv U, g cu“rtua or cv®a)y,

Based on Lemma 2
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p) aNz(zCszn,szu;le) od
—COo\(5,t,T,T,,1.,1 ):l 1. SB_ B . . 2l
or ( 1°72°7C°U CUTt 7t L.6 T,,T,—q ad21 or

SB B a]\[2(lClUCle’lUdIZ;lcﬁ)) adZZ
o, 01,60, —¢ od or
22
X B B aNZ(lClUdZI’lUdZZ;le) ad2]
Tty Ao B P od or
21
X B B aNZ(lClUdZI’lUdZZ;le) adZZ
—Lly Ay [ g oY od or
22
L X.B aN(lClUd21)ad21
crePun ad21 or

: (8.5.114)

-t.1,X,B Nz(l 1,d,,1,d ch)iBt‘Tzf—zCXcN(z 1,d )iB

cvtUPTLL g cu vt or cua) g, T

adn_a(dzﬁ"le_f)_adn d

or or o o

adu 3 a(dzz +O—‘\/T2 _t) ad22
B or '

or or

Substituting for these partials and rearranging, we have

Note

(8.5.115)

(8.5.116)

L1 SB B a]\']2(lClUdll’lUdlZ;lC/))

CUTt7tL.6 I,T,~q ad
21

J ad IN, (11,d,.1,d31.p)
—CO(S.1.1,. T, 11, )= —=2| <104, X, B, , B, , ,— LU 21C
or ity or (o Vbl Vg™ e M adﬂ

L X.B ‘aN(LCLUdZI)
o ad21

aNz(lCL d .1 dlz;lcp)
lClUSth,TZ,é'BTI,TZ,—é Ual(/]i -
73 2 . (8.5.117)

or v IN, (1.1, d,,.1,d,51.P)

B X
CU UL LT, ,—q
ad,,

U222

~1.1,X,B, . .N,(

. 11
cv UL g c'v

d, it p) 2 B, 1. XNt d2l)iB

wly 22’lcp)$ c'u or thr
Again, based on Lemma 2 and 3 and partials with respect to B, we have the compound option rho as

%CO(S,t,T T.,1.,1 ):l 1 X B Nz(l vd, ,1.d 'ch)(Tz—t)B

12722%C? T.T,—q 212 222 T, .r
Cc>U cuU“u =4 CcU U t, 2,1, (85118)

+1. XN (11,4, )(T, ) B

CcU 21 t,1,r

Validation of partial differential equation
Recall the compound option partial differential equation can be expressed as

2
r(t)co, = ‘93?0 +[r(t)—c}(t)]ag?[’ S+%62(t)Sa;;?D : (8.5.119)
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We validate this equation by solving for theta or

2CO, 2Co 1 2’COo
=r(t)Co,—|r(t)-q(t LS——0’(t)S—=2. 8.5.120
o 2 =r(0)Co,=[r(1)-4(1) |75 B S -0t ()5 (8.5.120)
Recall
CO(S’I’T;’TPLC’IU):lClUStBt,T,,(}BT,,TZ,5N2 (lcludn’ludlz;lcp) (8.5.121)
_lClUXUBt,TZ,rNZ (lClUdZI’lUdZZ;le)_lCXCBt,Tl,rN(lCdZI)
9CO,(S.1.7,.T;)
co,, = - 9S : :lClUBt,Tl,éBTI,TZ,r?NZ(lClUdll’lUdlz;le)’and (8.5.122)
2°co,(8...T.1,) B,,.B - d - d
r, = D( i 1 z)= 154,418 N1, d, —pd,, nl( ”)+lcN1 lClUdll pd,, nl( 12) (8.5.123)
> N S, Ji-p* | o Ji-p* | O
Thus, substituting these results into the rearranged partial differential equation, we have
aCo, (t) lClUStBt,Tl,éBTI,TZ,b'NZ(lClUdll’lUdlz;le)
=r
ot _lClUXUBt,TZ,rNZ (lClUdZI’lUdZZ;le)_lCXCBt,T],rN(lCdzl)
—[r(f)_‘?(f)]S[‘clUB;,rl,qBr,,rz,gNz(lcludm‘z/du;‘cpﬂ . (8.5.124)
B_ B d.—od |nld d —pd. |nld
—lGZ(t)S 614 T8 N1 1, 1~ P9y, 1( 11)+lCN1 1.1, 11— P4, 1( 12)
2 St \/1_p2 Gt,T1 \/1_p2 O-t,TZ
Cancelling terms,
dCO
>, D _ _lclUr(t)XUBt,Tz,er(lClUdzl’lUdD;lcp)_lcr(t)XCBt,TI,rN(lCdZI)
(1) S| 11,81 1B, 1 5N (12,1 4300 | . (85.125)
BI’TI"?BTI’TZ"()‘ 2 dlz_pdn nl(dll) dll_deZ nl(d12)
-————0 (z) N |, +1.N,| 1.1,
2 J1-p* ) % J1-p* ) 9
Recall
_d
GCOD = ECOD(S’I’Tl’Tz’lc’lU)

:_O-z(t)SB B N dlz_pdll {nl(dll)]_lN L1 dll_pdlz [n1<d12):l
Vi el

e . l
[ Nl N ) 1| U
) 4T, \/l—pz o, \/1—,02 9

LT,
+lClUé(t)StBt,T],z}BT],Tz,éNZ(lClUdll’lUdn;le)_lClUr([)Bz,Tz,rXUNZ(l'l d, 1d 'lcp)—lcr(t)Bt’T]J,Xch(l d )

cUT21°UT22° c21

(8.5.126)
Thus, the PDE obtained from hedging with the underlying instrument is satisfied.
Lemma 1: Leibniz integral rule for double integral applied to bivariate normal

Assuming N, (a( x),b( x); p) is a standard bivariate normal cumulative distribution function, then

sz(a(x),b(x);p) _ sz(a(x),b(x);p) db(x) s sz(a(x),b(x);p) da(x)
dx - db(x) dx da(x) dx
Lemma 1 Proof: Assuming f (x, z, ,zz) is a continuous function where the needed derivatives exist, then
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) (x) ()
y(x’Z"ZZ)E Z[) ([)f(x’ZI’ZZ)dZI dz, = Z[)g(x’zz)dzz’ (8.5.128)
L(x) 4(x a8
where
ux)
g(v.z,)= E[)f(x,zl,zz)dzl, (8.5.129)
I (x
and note
Iy(vzz) Y
Qul(x) _lzi];)f(X,Ml(X),Zz)dzz, (8.5.130)
Ayfrzz) Y
u, (x) ‘ll([)f(xﬂzl’“z(x))dzw (8.5.131)
all(x) B lz_([)f(x,ll(X),Zz)dzz,an (8.5.132)
“1(")
M:_ J f(x’z’lz(x))dzl- (8.5.133)

912 (X) ll(x) !
Applying the Leibniz integral rule to the outer integral

x.z,.2, u(x) u, (x H X
% = ,};)%[g(x’zz)]dzz W4 d)(c )g(x,u2 (x))— | )g(x,ZQ(x))

1) (x) (x) 1 (x)

d d dl

= ‘([)El Z[)f(x,zl,zz)dzl]dzz+% E[)f(x,zl,u2 (x))dzl—% E")f(x,zl,l2 (x))dz1
hlx 4(x L(x (x>

and also applying the Leibniz integral rule to the inner integral (first term in the equation above)

“1(’() u,(x)
d df\x.22, du, (x dl (x
E[lli[)f(x,zl’zz)da]:! ( )dzl+ d( )f(x,ul(x),zz)—%f(x,ll(x),zz). (8.5.135)

ll(x) dx X

(8.5.134)

Substituting this result into the previous equation, we have

()| 14(x) s 2
Mz J.[J.Mdz +du;—)(f)f(xa“1(x),zz)_dll(x)f(x,ll(x),zz) dz,

dx dx !

) o () . (8.5.136)
di n\x dl u(x

+ ”;)(Cx) llz[)f(X,Zlauz ()C))dz1 — ;ECX) ll(x)f(x,zl,lz (x))dz1

Thus

dy(x,zl,zz) _ () ulx) df(x,zl,zz)
—_—t= J J ————Fdz, dz,

dx i) 9x
() ) ()t
4 u:b(cx) 12 (J | £ (x).2,) dz, - ;ix) I St (x).2,)dz, (8.5.137)
d () dl u(x)
+ ”;)(CX) ll([)f(x,zl,uz (x))dzl — ;ix) ll.([)f(x,zl,lz (x))dzl

or
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8y(x,zl,z2) du, (x) Qy(x,z],z2) dl, (x)

dy(x,zl,zz) _ “ij)l“(x) df(x,zl,zz)

7 = p dz dz,+ 5 7 + 5
© gl & wlx) e A () d e
+8y(x,z],zz) du, x) . Qy(x,z],zz) dl, (x)
du, (x) dx al, (x) dx
QED
Example: Bivariate standard normal cumulative distribution function
Consider
22 =2pzz +z:
o) () P {_12(1_11;2)2} afx) ()
N, (a(x).b(x):p)= [ | dz dz,= [ | f(z.2,)dz dz, . (8.5.139)
L 2741- p? L

Based on Lemma 1, we have

oo t10) deg;»d Y

).2)e, _d(==)

T Jf(—w,zz)dzz

( )b( ) i ( - .(8.5.140)
da(x)™¢
" dx _J;f( v )d X Z —°<>
Thus
dN a(x) b(x);p db(x) %) da(x)™)
2( — ): d(x )if(b(x) zz)d22+ dEc );[f(zl a(x))a’z1
xp _b(x)2—2pb(xz)zz+z§ oxp _le—szla(x)2+a(x)2 ., (85.141)
~db(x)" 2(1-p7) da(x)") 2(1-p?) .
 dr JM 21— p? R £ 21— p? ;
or
sz(a(x),b(x);p) _ sz(a(x),b(x);p) db(x) s sz(a(x),b(x);p) da(x) (8.5.142)
dx db(x) dx da(x dx o
Lemma 2: Compound option partial with respect to dz;
We assert
?_co (8.6.7,,1,)=0 (8.5.143)
9d21 p\P>btpdy >
and
a I:lClUdll(S) U IZ(S) le:I_ 8N I:lClUdll(S) lUdIZ( )’le:I (85144)
ad, (S) ad,, ()
Lemma 2 Proof: Recall
d,=d, +0, . (8.5.145)
and therefore
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N, [1,d,(8)ad, ($ap] N it [4,(8)+ 0, Ja,d(ap} o a, (5) 40, ]

CcCU11 U112 —
dd ad S
() 8[d21(S)+0th 2 (8) (8.5.146)
_ON [lClUdH(S) szlz(S);ch]
) Id,(S)
Taking the derivative, we have
P JIN I:lClUd“(S) lUdu(S);ch:l
—0Ca6o, (S, T., T )=11 SB . .B
86[21 D( 1 2) CUNtTLL .G LTS &dm(S)
. (8.5.147)
v B JN [lcludzl(S), L, 22(S),lcp] v JN. [lCdZI(S)}
cUTUTLL ( ) cr e adﬂ
ION.\v1.d (S),.d (S),
We now focus on [CU 21 v 2 Cp] . Note
ad, (S)
lcud21 lb 2
I:lclUdzl(S)’lUdzz(S)’ Cp] .[ J n, Zl’ 2 dz dz,
ety () 1y () ()1t () : (8.5.148)
= { n1(22|zl)d22}nl(zl)dzl= I I nl(21’22)61721]n1(22)dz2
Thus
’C’Ldzl(s 1,d 2z
[lclydn(S) lUdzz( ) ] j [ J n( )dz }n( )a’z1
© , (8.5.149)
1.1,d, (S
cUT21 d S
- .[ N, v 22( il B nl(zl)dzl
o 1—(1Cp)
and
IN,[1,d,,(8).1, 22(S),ch] IN,[1c1,d,,(8).1,d,,(S):1.p | [ 1.1,d,,(S)]
74, (5) Titydy 5] 7, (5)
1.1 (s)
& clydy ld (S)—l
Rl PV L L e 2l (2,)
[zCszzl(S)]
_ . (8.5.150)
=11, N, ludzz( — Pt lud21(S

CU 21
[t

S

:lClUNl U 22(\/)1 PlU 21 :|I’l1|:lClUd21(S

lclvdn( 1% 12 S) lcp]
od,(S)

oN,|
We now focus on . Not
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1ctyd, (8)1,d,,(S)
N [1,d,(8),d, (Sapl= | | n(z.2,)dz,dz,

—oo —oo

tetyd, (9| 1,d,,(8) 1,d, ()| 1c1,d,(S) ’
= J J nl(zz‘zl)n](zl)a’z2 dz, = J J nl(zl‘zz)nl(zz)a’z1 dz,

—oo

(8.5.151)

—oo —oo —oo

And

cCUTl1 U112

ad,,(s) ad, ()

tety| ()40, 1 Ju [ S, 1, |

Nz {lClU |:d21(S)+O-t,Tl:|’lU [dzz(S)"'o-:,Tj;lcp}: _[ I nz(zl,zz)dzz dZ1

1ol [dZI(S)+a,Il ]|:1L[d22(s)+a,fz ]

8N2[l 1d (8).1d (S);lcp]_&Nz{lclU[dﬂ(S)'FO't,Tl:|,lU|:d22(S)+G,,T2:|;lcp} (8.5.152)

—oo —co

—oo —oo

nl(z2zl)d22]nl(zl)dzl ,and  (8.5.153)

1y I:dzz(S)ﬂr,_Tz] lClL’I:dZI(S)+O-1,7‘]:|
= j { J. nl(zlzz)dzl}%(zz)dz2

d
ad

Nz{lClU[dZI(S)+GtT

it

},IU [dzz (8)+ O, ];lcp}

21

N, | d,(S)+o,
= 3{1C1U[d21?5)+6m :|}N2{lClU|:d21(S)+Gt’TI:|,lU [dzz(S)+otJj;le} {lcw[ ;ldm +0,, J}

J lclv[dzl(S)Jer.Tl ] |:1U[d22(s)+afrz]
=11

CU(;d

21 —oo

nl(zzzl)dzZ]nl(zl)dzl . (8.5.154)

L, [a’22 (8)+ O.r : - lcp(lclu [a’ﬂ (8)+ O, ])

\/1 - (l p)2 ]nl {lClU [dzl (8)+ O, }}
1, [dzz ($)+a,, : - p1, [dﬂ (S)+o,,

\/1 - ’l]>nl{lclu [a?zl(S)+0'tj1 ]}
-p

7
ad

=11 N,

=1.1,N,

Finally

N\ [1ed,, (S)]=1m] 1.4, () ]- (8.5.155)
21
Therefore,
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7
ad,,

=1.1,SB . B [1 i, N {lU[d”(S)JrG”TZ]_plU[dZI(S)JFG"TI]}nl{l l [dzl(S)+o,r]}J
(8.5.156)

cuRiPnn gt ns | fctutt > cu T
I-p

d \S)-pt d \S
_lClUXUBt,T7,r{lClUN1[lU 22(\/)1_12[; 21( )]nl[lClUdZI(S)]}

CO,(S.,T,.1;)

_chth,TI - {lcnl I:lcdzl (S)]}

Note
N _[zcarzl(s)]2 o _[lclydzl(s)]z
p 2 p 2
d (S)|= =
I’ll[lc 21( ):I \/E \/E ,and (85157)
exp{—dzzlz(s)}
T I _”1[lclud21(S)J:"l[dZI(S)]
2
N _{lClU|:d21(S)+O-t,le|} [a'ZI(S)+0tTJ2
P 5 exps — )
nl{lclu[dﬂ(SHO'tJ} \/E = \/E
26..d, (S)+0° [ ;
—nl[dZI(S)]eXP — O 212 +Gl’Tl} nl[dzl(S)]exp _Gt,Tld21(S)_ l’T‘]
. 62 ] -
_nl[d21(S)]exp - ;Jexp_—at’ﬂdﬁ(S)J
_ I [ ’ nnM]_"tzn _
2 S 2
=n [dzl(S)]exp[—%JeXP —O.r TlO_t,T
_ Tq n|d,(s)] . (8.5.158)
Therefore,
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d
&TCO (s.6.7,.1)
d, (S) d, (s) S'B
:StBt,Tpf?BT],Tz,élclU lClUN1 lU|: - +O-I’T\/:|1 IL: |: +O- :| ; k;T"H’n ':dZI(S):I
B ! : (8.5.159)

X, B, 1y 1ty N 1y (8)- pt,dy () n[d,(S)]

C U cCU 1 \/1_
~X.B, 1 C{lcnl [d,,(s)]}

Eliminating squared indicator functions and rearranging,

* d,(8)+c,, -p|d,(s)+a,, |
STIBT,,Tz,éN L, s

a%CO (s.7.1,)=n]d,(s)]B,,, . (8.5.160)

. dzz(S)_p 2|(S)

_XUBTTr | W \/1 PZ _Xc
Note
d, ——""d
dzz_pd21: ” o-z,r2 21:O-t,T2d22_O-t,Tld21
\/1_p2 GT]Tv O-T] 7,
O-t,TZ
1 StBrT ( q) T..T,—~(r-6 _()-ZZ,Tz 1 St .1, (r q) _O-tle
; X, 2 s S; 2
1T, O-t,Tz LT, O-t,n
O,

n StBuTl,—(r—é)BTpTz,—w—é) _Gzzfz_ln StBt,Tl,—(r—é) +0,2,r, In SrBTPTzf(rf&S;l _ GiTz_Gtzfl

) X, 2 S, 2 X, 2 2
O, O,
In S Brris) | Ona,
X, 2 X
= =d,, . (8.5.161)
O,
And
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_ dzz _pdzl O-ffz _po-tsTl

N e

O (8.5.162)
o —Lo . 5.
o 0, 0, 11 _ +GZQ_GiE _ +G%’Tz s
27,7, O_Tl . 21,7, O_Tl . 27,7, Gr],rz LT.T,
O,
Therefore,
0_) * * *
2= CO (ST T,) = [ d ()] By 8By N, (1l ) = X By N (10 )= X} (B5163)
21
and therefore
& * * *
W COD (S’I’TPTz) =un (d21 (S)) Bt,Tl,r {lUSTlBT],T2,6Nl (lUdl,Tl,Tz )_ lUXUBTl,TZ,er (lUdz,T,,T2 )_ lUXC} (8.5.164)
21
Recall
1,S; B, , 5N, (szlle . )— L, X,B, . N, (sz;,l . )— L, X, =0. (8.5.165)
Thus,
J
—0COo, (5,t,T,T,)=0. 8.5.166
adZI D( 1 2) ( )
Lemma 3: Compound option partial with respect to d>>
We assert
J
—COo,(S,t,T,T,)=0, 8.5.167
&dzz D( 1 2) ( )
and
8N2I:lClUdH(S),lUdlz(S);lcp] ~ &NZ[zClUdH(S),lUdlz(S);sz] (8.5.168)
ad ,(s) ad,,(S)
Lemma 3 Proof: Recall
d,=d, +0,, (8.5.169)
and follow same logic as the first part of Lemma 2. Taking the derivative,
P (})NZ[lClUdH(S),lUdlz(S);lcp:l
oaCOn(STLL) =1t S,B 1 By 5 od(S)
2 2 . (8.5.170)
Y B aNz[lclUdZI(S),lUdZZ(S);le:I
-1 L
cCU""u 1, (9d22 (S)
ON|11.d (S),.d (S)1
We now focus on 2[ cv v Cp] . Note
ad,,(S)
1ty dy, (8) 1,dy,(S)
N, [lClUd21(S),lUdzz(S);le] = j J n, (zl,zz)a’z2 dz,
tetydy (8| 1ydyy(8) 1,dy, ()| 1e1,d,,(S) (85171)
= { n, (zz|zl)dz2 n, (zl)dz1 = n, (zl‘zz)dz1 n, (zz)clz2
Thus
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1,y (S 11,d,,(S)
I:lClUdZI(S) lUdzz(S);ch]: I { .[ ”1(21|Zz)d21]”1(zz)dzz

—co —oo

e (8.5.172)
:u]% N{lcludzl( S)-1 sz] ( )dzz
\/1 zp
and
IN I:lClUdZI(S) L, d, (Shtp]  ON[1.4,d,,(8),1,d,,(S)t.p]d[1,d,(5)]
dd,, () - | 1,d,,(8)] dd,,(S)
s [ lpZ (8.5.173)
CcU 21 C dZ
Ual:lu . _[ |: \/1 Cp } ( ) 2
Therefore,

IN,[14,d,,(8).1,d,,(S):1.p] . 1.1,d, (S)-1.p1,d,(S) n[Ldy(s)]  (85.174)
ad() =t _(lcp) 8y .

1.1.d (8),1 L, 12(S) lcp]

CcCUll

dd,,(S)

JON
We now focus on [ . Note

1oty d; (8)1,d,,(S)

[l 1.d, (S), lUdlz( );lcp]= '[ J‘ nz(zl,zz)dzzdz1

C'U11
ety (S 1,,(5) a9 : (8.5.175)
= J { J n, (zz‘zl)dzzlnl (zl)a’z1 = J. [ J nl(zl‘zz)a’zlln1 (zz)afz2
And
ON [lclydn( S) lUdlz(S) ] 3N2{lcly[d21(5)+ thTl},zU[dzz(SH thj;ch} (85.176)
dd,,(S) ad,,(S) T
t(.tv[dz,(s)ﬁ-o,,.,.l ] » [d22(5)+0'[' ,.2
Nz {lClU |:d21(S)+Gt,le|’lU |:d22(S)+O-t,T2:|;le}: j _[ n, (Zl’zz)dzz le
l(lb[d (S)+G,_,I} 1U|:d2 (ko «"2]
- { n, (zzzl)dzzinl (z,)dz, : (8.5.177)
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iNz {lClU [d21(5)+ o, },lU [dzz (5)+ O, J;ch}

dd,,
oft,[a,(5)+0,, ]}
% vl %22 4T,
= Nz{lclu [dzl(S)+0't’T]},1U [dn(S)+0't’T2];ch} 4
&{lu |:d22(S)+O't’TJ} 2
3 W dalsho, |[ 1] (o, | , (8.5.178)
:luﬁ I J nl(zl|22)dz1 nl(zz)dz2
22 —co —oo
lely |:d21 (S)+ O,r J_ lcp(lU [dzz(S)'i' O-t,TZ :|)
=1,N, ! 2 nl{zu[dzz(s)ﬂrﬂj}
\/1—(1Cp)
and
IN,[14,d,,(8).1,d,,(S).p]
ad,,(S)
(8.5.179)
lClU[dZI(S)+O'[!TI}—lcp(lu[d22(5)+0't’rzi|) (s)
=1,N, - nl{lu [a’22 S +0't,TJ}
\/1—(lcp)
Substituting these two partial derivatives,
P 8N2[lczud“(S),szlz(S);ch]
—Co,\S,t,T,T,)=1.1,SB _.B
8d22 D( 1 2) CURCLT G TS 8d22(S)
Y B &Nz[LClUdZI(S),szH(S);ch:l
11
CUTUT LT r 8d22(5)
zClU[dZI(S)+0't’T]J—ch(lU[dn(SHo,’TZ]) (s) . (8.5.180)
=14,5,B5 By 1 1V, 2 nl{lU[a’zz S +0'tvrj}
\/1—(1Cp)
d - d
—lClUXUBt’TZ’rlUN] 'cly ZI(S) lcpllzf 22(5) n][ludzz(S)]
\/1—(lcp)
Note
2
(lUd22> d?
e e A
n(1,dy, )= N =n,(d,,), (8.5.181)
and
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2
(d22+o-t,T)
exp| — 5
20,,d,,+0}, 2
= \/E nl(d )exp[ T 222 J nl(d )exp[ O'tszz ;]
T
=n1(d22)exp —T’Z exp( O'tszz) . (8.5.182)
0_2
o‘iTz IH[S;B,T . l?)BTI’Tz’—(V—ﬁ)/XU:|_ ;Tz
=1 (4 )exp| == [expy =0, o,
XU
= nld
Bt Pr-o-s) 1( 22)
Substituting
7
&72200 L (S.6.7,.T,)
11, d (S)+O't —lp(l d (S)+0[ )
S8y By N, CU|: 21 ,T1:| c l:l: 2 Tz} — Xlé ”1(0[22)‘(8'5'183)
\/1—(lcp) 20T ~(r-4) T Ty~ (r-8)

v d, (S)-1 pz d, (s)
11 X B 1 N |-<ua u¥» n1(d22)

CU UL U 1
=
Rearranging and cancelling terms,
7
WCO (s.6.7.1;)
N 1.1, [dﬂ (8)+ O, J— ch(zU [dzz (8)+ O, })
! 2 . 8.5.184
1-(ep) (8189
- lCXUBtT :nl (dzz)
N, lcludzl(S)_lcpludzz(S)
_(lcp)
Thus,
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d

—CO_\S,t,T,T.
adzz D( 1 2)
[dz](S)+GtIl ]_P:dzz(S)“‘Gt,TJ
Nty \/1_p2 . (8.5.185)
= lCXUBt,TZ,rnl (dzz) 1
Nl dzl(S)_pdzz(S)
1| ‘c'u 5
Ji-p |

Note

d, + O~ p(dzz + O-I,Tz) _d, —pd,, N O,r —PO, 1

J1-p° BB e

(8.5.186)

o,

and recall p=
0T,

QED

Summary

In this module, we introduced various static risk measures related to geometric Brownian motion-based
compound option valuation models. We examined the sensitivity of the compound option values and Greeks
to changes in selected underlying parameters. After reviewing the valuation model, we derived several
Greeks. Finally, we concluded this module with a brief contrast between numerical and analytic Greek
computations illustrated with R code.
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See Module 5.7.
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