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Module 5.7

Geometric Brownian Motion 
Compound Option Valuation Model

(GBM COVM)
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Overview

nReview assumptions of GBM-based COVM
nExplore two versions of dividends
nExplain the COVM
nReview selected plots and related R code
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Central Finance Concepts
nCompound option (CO) – an option on 
an option
nNotation and expiration dates
nSelected plots
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Compound Option (CO)
nAn option on an option
nTwo expiration dates: t < T1 < T2, 

n t – valuation date
n T1 – compound option’s expiration date 
n T2 – underlying option’s expiration date 

nTwo strike prices: 0 < XC and 0 < XU
n XC – strike price of the compound option 
n XU – strike price of the underlying option
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Time Line Illustrated
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Quantitative Finance Material
nCompound option basics
nUnderlying assumptions same as 
GBMOVM
nBoundaries and parities
nCOVM
nSelected R code
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Underlying Options at Maturity
nPlain Vanilla Call

nPlain Vanilla Put

© Financial Risk Management, LLC 9

cT2 S ,XU ,T2( ) = max 0,ST2 − XU( )

pT2 S ,XU ,T2( ) = max 0,XU − ST2( )
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CO at Maturity

nCacall:

nCaput:

nPucall:

nPuput:
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CoCT1 c S ,XU ,T2( ),XC ,T1⎡⎣ ⎤⎦ = max 0,cT1 S ,XU ,T2( )− XC⎡
⎣

⎤
⎦

CoPT1 p S ,XU ,T2( ),XC ,T1⎡⎣ ⎤⎦ = max 0, pT1 S ,XU ,T2( )− XC⎡
⎣

⎤
⎦

PoCT1 c S ,XU ,T2( ),XC ,T1⎡⎣ ⎤⎦ = max 0,XC − cT1 S ,XU ,T2( )⎡
⎣

⎤
⎦

PoPT1 p S ,XU ,T2( ),XC ,T1⎡⎣ ⎤⎦ = max 0,XC − pT1 S ,XU ,T2( )⎡
⎣

⎤
⎦
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Selected Notation
n   – compound option indicator function 

n +1 if CO is call
n –1 if CO is put

n   – underlying option indicator function 
n +1 if option is call
n –1 if option is put
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ιC

ιU
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Selected Notation
nSt – underlying instrument at time t
nσ – volatility of underlying instrument
n𝛿 – dividend yield underlying instrument
n   – yield on underlying option

n Firm value is underlying, stock is option
n 𝛿 does not equal   as debt requires payment

n                 – present value of $1 at rate x
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q̂

Bt ,T ,x = e
− x T−t( )

q̂
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Underlying Boundaries
nCall LB:
nCall UB:
nPut LB:
nPut UB:
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ct ≥max 0,Bt ,T2 ,δSt − Bt ,T2 ,rc XU( )
ct ≤ Bt ,T2 ,δSt
pt ≥max 0,Bt ,T2 ,rc XU − Bt ,T2 ,δSt( )
pt ≤ Bt ,T2 ,rc XU
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Call on Call/Put Boundaries
nCacall LB:
nCacall UB:
nCaput LB:
nCaput UB:
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CoCt ≥max 0,Bt ,T1,q̂ct − Bt ,T1,rc XC( )
CoCt ≤ Bt ,T1,q̂ct
CoPt ≥max 0,Bt ,T1,q̂ pt − Bt ,T1,rc XC( )
CoPt ≤ Bt ,T1,q̂ pt
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Put on Call/Put Boundaries
nPucall LB:
nPucall UB:
nPuput LB:
nPuput UB:
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PoCt ≥max 0,Bt ,T1,rc XC − Bt ,T1,q̂ct( )
PoCt ≤ Bt ,T1,rc XC

PoPt ≥max 0,Bt ,T1,rc XC − Bt ,T1,q̂ pt( )
PoPt ≤ Bt ,T1,rc XC
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Put-Call Parities
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Bt ,T2 ,q̂c ct − Bt ,T2 ,q̂p pt = Bt ,T2 ,δSt − Bt ,T2 ,rc XC

CoCt − PoCt = Bt ,T1,q̂ct − Bt ,T1,rc XC

CoPt − PoPt = Bt ,T1,q̂ pt − Bt ,T1,rc XC

CoCt − PoCt − CoPt − PoPt( ) = Bt ,T2 ,δSt − Bt ,T2 ,rc XU
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COVM
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CO S ,t,T1,T2 ,ιC ,ιU( ) = ιCιUStBt ,T2 ,δBT1,T2 ,− q̂N2 ιCιUd11,ιUd12;ιCρ( )
−ιCιU XU Bt ,T2 ,r BT1,T2 ,− q̂N2 ιCιUd21,ιUd22;ιCρ( )− ιC XCBt ,T1,r N ιCιUd21( )

N2 a,b;ρ( ) ≡
exp −

z1
2 − 2ρz1z2 + z2

2

2 1− ρ2( )
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

2π 1− ρ2
dz1 dz2

−∞

b

∫
−∞

a

∫

d21 ≡

ln
StBt ,T1,− r−δ( )
ST1
*

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
−
σ t ,T1

2

2

σ t ,T1

d11 ≡

ln
StBt ,T1,− r−δ( )
ST1
*

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
+
σ t ,T1

2

2

σ t ,T1

= d21 +σ t ,T1
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COVM
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d22 ≡

ln
StBt ,T2 ,− r−δ( )
XU

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
−
σ t ,T2

2

2

σ t ,T2

d12 ≡

ln
StBt ,T2 ,− r−δ( )
XU

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
+
σ t ,T2

2

2

σ t ,T2

= d22 +σ t ,T2

ιUST1
* BT1,T2 ,δ −q̂N1 ιUd1,T1,T2

*( )− ιU XU BT1,T2 ,r−q̂N1 ιUd2,T1,T2*( )− XC = 0

d2,T1,T2
* =

ln
ST1
* BT1,T2 ,−(r−δ )
XU

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
−
σ T1,T2

2

2

σ T1,T2

d1,T1,T2
* =

ln
ST1
* BT1,T2 ,−(r−δ )
XU

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
+
σ T1,T2

2

2

σ T1,T2

= d2,T1,T2
* +σ T1,T2
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Critical Stock Price Example
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d11 Calculation
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Sample Inputs
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Base Outputs
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Set x-axis Generically
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Set y-axis Generically

© Financial Risk Management, LLC 26

26

Summary
nReviewed assumptions of GBM-based 
COVM
nExplored two versions of dividends
nExplained the COVM
nReviewed selected plots and related R 
code
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